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l. INTRODUCTION AND PROBLEM STATEMENT
The complete probabilistic characteristic of the Markov process U(t) is obtained if the function

F(t,x:7,y) is known, which represents the probability that at moment 7 the random variable U (t) will

take a value less than y, provided that at moment t(t <z) U(z) = X. It is known that if there are partial
2

derivaties %(F),aa?(l:) and limits

.1 _ B

Mﬁy_{zs(y —x)dF (t — At, x;t, y) = a(t, X),

.1 2 _ 3

mﬁy_{z&(y—x) dF (t — At, x;t, y) = b(t, x), VS >0,

Then F(t,X: 7, Y) satisfies the equation:

0 0 b(t, x) o6
—(F)=-a(t,x)—(F) - —
at( ) =-a( )ax( ) Y

(F).
If there is a distribution density f(t,Xx:7,y) = 5 (F) and the functions

2
9 (), 9 (a-f), 6—2 (b- f) are continuous, then f satisfies equations:
foks oy oy
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0 0 1 0?
a(f(t,x))+a(t,x)&(f(t,x))+§b(t,x)y(f(t,x)):0 1)

( f — as a function of the initial state parameters)

O e+ L@y ey -2 e y) (e y) =0 @
or - oy ’ 20y ’

( f — asafunction of the final state parameters)

Equations (1) and (2) are known as the "Fokker—Planck- Kolmogorov" (FPK);FPK equation represents the
evolution in time and space of the probability density function of the states of a stochastic dynamical system.The
purpose of this article is to determine the analytical solutions of these equations in practically important cases of

coefficients a(t, X) and b('[, X) and the probabilistic interpretation of the solutions obtained in the environment

of the mathematical packageMaple.
These equations belong to the type of parabolic equations. In order for an equation of this type to uniquely
determine its solution, it is necessary to have initial and boundary conditions for the desired function. When

7 =t, the difference between the random variable X =U (t)and Y =U () disappears, and, therefore, the
conditional density f(t,X:7,Y)should by zero for any Y # X. On the other hand, the normalization

condition I f (t,X:7,y)dy =1should remain valid for t = z,and this may by case if f turns into a delta-

—00

function, i.e. the condition must be met: f (t,X: 7, y)|T:t =o(x-Y).

The boundary conditions are determined by the requirement that the probability density vanishes at the
boundaries of the region of variation of a random process; if the interval of variation y is equal to (—oo, oo) ,
then for any 7, f must vanish at M — 00 .In the case when the range of (yl, y2) - possible values of the
ordinates of a random process is limited, the conditions must be met:

[By f=a(z,y)f(z,y) —%%(b(r, y) f(z, y))} =0,i=12. 3)

y=Yi
CASEL: a(r,y)=Y, b(r,y)=y"2 (O<y<x)
In this case the initial ordinate of the process is given as a random function with a known density:
1, O<y<l]
fo(y) = .
0, otherwise
> PDE1L:=diff(f1(tau,y)tau)+diff(y*fl(tau,y),y)-1/2*diff(y*2*f1(tau,y),y$2)=0;

yz[;yzz fi(r, y)]

0 0
PDEl1:=— f1(z,y) - y| — f1(z, — =0 4
P (z,y) y£8y (z y)j 5 4)
> icl:=f1(0,y)=piecewise(y>0 and y<1,1,0);
. 1, O<y<]
icl:=f1(0,y) = . 5
©.y) {O, otherwise ©)
The satisfaction of condition (5) is checked directly :
> bel:=limit(y*fl(tau, y)-(1/2)*diff(y~2*f1l(tau, y),y),y=0)=0;
bcl=0=0 (6)

________________________________________________________________________________________________________________________________|
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Solving the problem (4)-(5):
> pdsolve ([PDE1,icl]);
s(s-Dr
2

fi(r,y) =m?

1S Y

™

The solition is obtained in the form of the inverse Mellin transform. To go to the original, we use some properties
of this transformation and bring the expression under (m)"lto a form suitable for the application of these

properties :
m(f(y),y.s) = [y f(y)dy = f(s),s>0
0
y
y ) . f{}fz(ynd(yl)
m-{—f ¢ ”)j = [ fomaem.m (Fus) T(s) = [
S v ° yl
exp {(s2 - 3)1/2}/ s=exp{—(s+1)7r/2}/s*exp {(s)zrlz}exp {r12}=
= (f~1(s +1)/ 5)1?2(5) exp(%j
> addtable(mellin,f(y),F(s),y,s);
> assume(s>0,tau>0);
> AO0:=unapply(invmellin(exp(-s*tau/2),s,y),tau,y);

2
27 Dirac(yf~ —elJ

T~
> Al:=unapply(exp(tau/2)*int(AO(tau,y1),yl1=y..infinity),tau,y);

2
s 21e1Dirac£ylf~ —elJ
Al=(z~y)—e?|| dyl

T~

AD=(r~Yy)—

y

> A2:=unapply(invmellin(exp((s”~2*tau/2)),s,y),tau,y)

\/Ee_ 27~
27T ~n
> assume(y>0);

> fl:=unapply(simplify(int(Al(tau,y/u)*A2(tau,u)/u,u=0..infinity)),tau,y);

A2 =(r~Yy)—>

2
Al ~ a1
(=z~+In))-(z~+In)) | o 28 Dlrac[yl € J
2e 2= dyl

fl=(c~y~) | du
0

(®)

9)

(10)

(11
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An integral representation for the density is obtained; it shows the exponential nature of the distribution with a
parameter depending on 7 . We normalize this density and construct a joint graph for the values
r=1,7 =2 and exp(-y) [ Fig.1].

> filn:=unapply(int(f1(tau,y),y=0..infinity),tau):

> finr:=unapply(fl(tau,y)/fln(tau),tau,y):

> flsl:=unapply(subs(tau=1,finr(tau,y)),y):

> fls2:=unapply(subs(tau=2,f1nr(tau,y)),y):

> plot([f1sl(y),f1s2(y),exp(-y)],y=0..10,thickness=3,color=[red,blue,green]);

1

Fig.1
> evalf(int(flsl(y),y=0..infinity));
1.0 (12)

CASE 2: a(r,y) =a0+al*vy,b(z,y) = S0
In this case we solve a problem with condition of the form of a, O(X, Y) we use method of characteristic

functions; denote /(7,2) = In( Ieizy f(z, y)dyj :

With respectto 7 (psi2 ) , the following problem is obtained :
> PDE2:=diff(psi2(tau,z),tau)+(beta0/2)*z2+1*alpha0*z-alphal*z*diff(psi2(tau,z),z)=0;

2
PDE2 = 0 w2(r ~z)+ poz + 10z —ozlz(2 w2(r ~, z)) =0 (13)
ot ~ 2 oz
> fourier(Dirac(x-y),y,2);
e ™ (14)
> ic2:=psi2(0,2)=1*x*z;
ic2:=y2(0,2)=Ixz (15)

> g2:=unapply(pdsolve([PDEZ2,ic2]),tau,z,x,alpha0,alphal,beta0);

92:=(r ~ z,x,a0,al, f0) > w2(r ~,2) =
_ —77. 0. + 4l (alx — a0)ze”" + $02° + 410z (16)

- 4ol
The last expression is a characteristic function of a normal distribution with parameters

o2 £ole** -1 P ((1x — a0)e™" + 0)

2al al
> pdetest(g2(tau,z,x,alpha0,alphal,beta0),[PDE2,ic2]);

[0,0] 17)
Consider a special sub-case: x=1, 0 = a1 = 0 =1 and by the inverse Fourier transforme we
determine the density of the distribution:
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> g2s:=unapply(subs({x=1,alpha0=1,alphal=1,beta0=1},g2(tau,z,x,alpha0,alphal,beta0)),tau,z);

92s=(r~2)>w2(r~2)=—

+—+1z 18
2 (18)

> assume(tau>0);
> f2s:=unapply(invfourier(exp(-z"2*(exp(2*tau)-1)/4+1*z),z,y) tau, y);
_(y=+1)? pn
27~ _
e e 1 eZT~ _1
f2s=(c~y~)— (19)
T
We check the normalization condition for the resulting density :
> simplify(int(f2s(tau,y),y=-infinity..infinity));

1 (20)

Let is construct a part of the surface of the function f2s(z ,y) in the space(z ,y) [Fig.2]:

> plot3d(f2s(tau,y),tau=0.1..0.5,y=-5..5,color=sin(tau));

Fig.2
We select individual sections of the resilting surface [Fig.3]:

> plot([subs(tau=0.1,f2s(tau,y)),subs(tau=0.5,f2s(tau,y))],y=-5..5,thickness=5,color=[red,blue]);

Fig.3

> int(subs(tau=0.1,f2s(tau,y)),y=-infinity..infinity);
1. (21)
> int(subs(tau=0.5,f2s(tau,y)),y=-infinity..infinity);
1. (22)
CASE 3: a(r,Y) =0, b(r,y)= 0+ pl*y
This case is also investigated with a delta-initial condition and using the method of characteristic functions; a

similar problem is obtained for the function ¥ ( psi3) :

> PDE3:=diff(psi3(tau,z),tau)+1/2*betal*z2*diff(psi3(tau,z),z)=-1*alpha0*z-1/2*beta0*z"2;
0
I,Blzz( w3(r, Z))
0z
2

2
=—Ia02—&

PDE3 = i1//3(r, z)+ (23)
or
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> ic3:=psi3(0,2)=-1*x*z;

ic3:=y3(0,2) =—Ixz (24)
> dsolve([PDE3,ic3]);

w3(z,2) = L —i{l(l In(w)aO—l |n(—('zﬂ172+ 2)2ja0+

£l pl z2° z

21 + 2p0z + 2arctan _hlr a0
1zplr+2 1zp1r +2 12p1r + 2

For the convenience of probabilistic analysis, in the last expression, we express the arc tan in
terms of the In:

(25)

>A:=convert(arctan(betal*tau*z/(1*betal*tau*z+2)),In);

AL(.(LJ.@LB 26)
2 1zp1r + 2 |flez + 2

>g3:=unapply(I*beta0*z/betal+alpha0*In((4+4*1*betal*tau*z)/(1* betal*tau*z+2)"2)/betal-
1*2*x*z/(1*betal*tau*z+2)-2*1*beta0*z/ (betal*(I1*betal*tau*z+2))-
1*2*alpha0*A/betal, tau,z,alpha0,betal, betal);

conf M4 )
— |,BOZ (|Zﬂ1‘[+ 2)2 B 21Ixz B
93:=(7,2,20, £0, A1) 5 + 1 241 12

aOIn(In(Zj—In(1+ I,[:’lrzjj
2150z N 121 + 2 Izp1lr + 2

C (Iz81r + 2) Al Bl

@7)

Consider a special sub-case X =—1,a0 = 0 = 1 =1and by the inverse Fourier transform, we determine

the density:
>exp(subs({alpha0=1,beta0=1,betal=1,x=-1},g3(tau,z,alpha0,beta0,betal)));

4lzz+4 2 74
1z+In +In —In| 1+
e (lzz+2)? 12742 lz7+2

28
> f3:=unapply (invfourier(%,z, y),tau, y); 0
f3=(r,y) >
-2, . : 1
2e * (y+ 1)[2HeaV|S|de(y +1) -1+ S|gnum(0, R(J,OD (29)
= 2
We calculate mathematical expectation and the variance of the distribution with density f 3(z, y)
> assume(tau>0);
> ef3:=unapply(simplify(int(y*f3(tau,y),y=-infinity..infinity)),tau);
ef3=r~—>r~-1 (30)
>df3:=unapply(simplify(int(y~2*f3(tau,y),y=-infinity..infinity)) - ef 3(tau)"2,tau);
2
df3:=7 ~— 3 - -t ~+1-(z ~-1)° (31)

> f3sl:=unapply(subs(tau=1,f3(tau,y)),y);
f3sl:=y > 4e ' ?(y +1)Heaviside(y +1)
(32)
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> f3s2:=unapply(subs(tau=2,f3(tau,y)),y);
f3s2:= y+>e Y *(y+1)Heaviside(y +1) (33)
Let”s construct graphs of special case and f3(z,y) at 7 =1 and 7 = 2 [Fig.4].
> plot([f3s1(y),f3s2(y)],y=-5..5,thickness=3,color=[red,blue]);

Fig.4

The resulting graphs are of shifted gamma-distribution densities at different values of the distribution
parameters. We will check the normalization condition for f 3sland f 3s2 and construct a part of the 3D-
surface f 3(z,y) [Fig.5]:

> int(f3sl(y),y=-infinity..infinity);

1 34
> int(f3s2(y),y=-infinity..infinity);
1 (35)
> plot3d(f3(tau,y),tau=1..2,y=-5..5,color=sin(tau));

Fig.5
We introduce a gamma-distributed random variablegand find expressions of its numerical characteristics
through the numerical characteristics of the f3-distribution [Fig .6]:
> X0:=RandomVariable(GammaDistribution(a,b)):
> f0:=unapply(PDF(X0,u),u);

________________________________________________________________________________________________________________________________|
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0 u<o0
u b-1 u
fOo=umr (j e (36)
a .
~~7 __  otherwise
al"(b)
> Mean(X0);
ab (37
> Variance(X0);
a’b (38)

mean(X0) =ef 3+1 T
i —a=—,b=2
variance(X0)=df 3 2

> Xl:=RandomVariable(GammabDistribution(1,2)):

> X2:=RandomVariable(GammabDistribution(1/2,2)):

> plot([PDF(X1,u+1),f3s2(u),PDF(X2,u+1),f3s1(u)],u=-5..5,thickness=
3,style=[point,line,point,line],color=[black,  SkyBlue™, red,green] );

Fig.6

1. KUMMER FUNCTIONS IN FPK - EQUATION
Consider the equation for the conditional density with coefficients of case 2, in which the variables t

and x are parameters
> assume(t>=0,tau>t);
> PDE4:=diff(f4(t,x,tau,y),tau)+diff((a0+al*y)*f4(t,x,tau,y),y)-b0/2*diff (f4(t,x,tau,y),y$2)=0;

PDE4 = 0 falt ~, x,7 ~ y~)+alfa(t ~ x,r ~ y~)+(aly ~ +a0) x

T~

0? (39)
bO(m2 f4(t ~ X7, y ~)j
=0

x( 0 f4(t~,x,r~,y~)j— >

~

We find the general solution of the last equation:
> struc4:=pdsolve(PDEA4,f4(t,x tau,y));

________________________________________________________________________________________________________________________________|
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strucd = f4(t ~, x,7~y~)=_F3(r~) _F4(y~) _F6(t ~,x) where

H_Fﬁ(t~,x)_c420 d _F3(r~)=_c, F3(zr~),

2 "dr ~
d? 2 _F4(y~)_c C
Fa(y~) === =23 _ =" 40
gy =) b0 b0 0
d d
2l —— F4(y~) laly~+2al_F4(y~)+2| —— F4(y~) |a0
dy ~ dy ~
+
b0

> fk2:=unapply(PDEtools[build](struc4),t,x,tau,y);
k2=t ~Xz~Yy~) > f4t~-x7r~y~)=_Cle * _F6(t~x) C2

- 2
KummerM(_C3+al,l’(aly +a0)

(41)

2al 2 albo
_c+al 1l (a1y~+a0)2j

)+_01e—°3’~ _F6(t~x)_C3

2al 2 alb0

The resulting expression shows that the general solution is represented as a linear combination of the Kummer
function with coefficients depending on the parameters t, x and 7 .
> Kum:=z*diff(y(z),2$2)+(mu-z)*diff(y(z),z)-nu*y(z)=0;

Kummeru(

2

d d
Kum := {Fy ~ (Z)}L(u— Z)[—y ~ (Z))—Vy~ (2)=0 (42)
z dz
> dsolve(Kum,y(2));

y ~ (z) = _ClKummerM(v, z,z) + _C2KummerU(v, 4, z) (43)
We note that the characteristic function of the beta distribution can be represented through the
KummerM function:
> KR:=RandomVariable(BetaDistribution(p,q));
KR:=_R2 (44)
> sf:=unapply(PDF(KR,u),u,p,q);

0 u<0
plp1 . ya-d
sf =(u, p,q) — CA DDAl u<l (45)
B(p,q)
0 otherse

> CharacteristicFunction(KR,t);

hypergeom([ p.[p +q], It ~) (46)
> convert(hypergeom([p],[p+q],1*t),Kummer);

KummerM(p,p+q, It ~) (47)

1. APPLICATION OF THE VARIABLE CONVERSION METHOD
The method of variable transformation is very effective for solving the FPK - equation. If it is possible
to convert the FPK- equation to the usual form

0 1 0?

3 fI(T"yI)ian'g f'(z',y") =0,

then the new independent variable obeys the normal distribution law. The presence of a normal distribution law
for Y ' does not mean that the normal distribution law for the ordinates of the random process under study is valid;
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normality is preserved only with a linear transformation. We have applied this method to the following important
tasks. With the help of conversion z'= ¢(7), y'=w (7, Y), where ¢ and y are arbitrary functions satisfying
the requirements of an unambiguous transition from one system of variables to another, reduces to the equation

Y SR E - Y 11=0,
where a'(z', ') = E%b(r, y)+ Y a0yt a‘/’;’ y)} : d(g(;) ,
(e vy = | QYY) |a . do(7)
b(r,y)—{{ o }Zb(r,y)}. &

In the case then a(z,y) =a(r)y + B(r),a(r, y) = y(r) transformation

w(z,y)= yeXp(_j‘a(Tl)dle _jﬁ(fz)eXp{_ Ia(fl)drl}dfw

#(7) = jV(Tz) EXP{_ zTa(Tl)d Tl}d (2 (48)
0 0

leads to the goal.
Now let is consider the application of formula (48) in two problems:

) a(z,y)=a(z),b(z,y) =b(z);

2) the problem associated with “white noise”;
3) a(r,y)=7(y—c),b(r,y)=27(y—c)*2(c <y < ).
1{a(z);b(z)}

> diff(f(tau,y),tau)+a(tau)*diff(f(tau,y),y)-1/2*b(tau)*diff(f(tau,y),y$2)=0;

a%f(r~,y~)+a(r~>(%f<r~,y~)]—

(49)

kS ~)(af; f(c ~,y~)j

2
According to formulas (4), for the selected special case, we perform the following transformations of variables:

y'=y— [b(z)dz, 7' =[b(z)dz = a(r) =(r).b(z) = (7 = y'= y—

=0

?1
7° :
r':E:tr y=y+r',r=(37")3

> PDES5:=diff(f5(tau,y),tau)+tau"2*diff(f5(tau,y),y)-tau2/2*diff(f5(tau,y),y$2)=0;

0 ,( O
PDES5.—8T~f5(2' yY~)+T (ay~f5(r Y )]
r~2[ 2f5(r~-,y~-)j
_ oy ~ -0
2

> tr:={y=yl+taul,tau=(3*taul)”(1/3)};

________________________________________________________________________________________________________________________________|
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tr = {r ~=334Y3 y ~=yl+ rl} (51)
After the transformation, the equation PDES takes the "classical form™:

>PDE5SCH:=dchange(tr,PDES5,[taul,y1],simplify) ;

2
33’2712’3(2881 £5(c1, y1) — 612 F5(cL, yl)j
PDES5CH = £ . 27 =0 (52)
>ic5:=f5(0,y1)=Dirac(x1-y1);
ic5:= f5(0, yl) = dirac(x1— yl) (53)
> assume(taul>0);
> pdsolve([PDE5CH,ic5]);
7(xl—yl)2 \/_
e 271 2
f5(zl~ yl) = ———— (54)
( YD 21~

The resulting solution is the density of the normal distribution and, since thetransformation is linear with
respect to y, the density for the ordinates of the random process under study also turns out to be normal :

2'3 ?
X1—y+—
[aoreg)

e
P 278
738 73 3
f5(Ly)|yl=y——,7l=— |= f(r,y) = x
3 3 \/27[1'3
3
3
(A, (55)
dy 3
T ~3 T ~3
notf 5(z1~, yl)| yl=y ~ — Tl ~=
3 3
Below we present 2D-graphs of auxiliary and main density at different values of = and when x1=0, as
well

as their comparative 3D-surface [Fig.7], [Fig.8], [Fig.9].
> f51:=unapply (exp(-y172/(2*taul))/sqrt (2*Pi*taul),taul,yl):
>
> plot([f51(1,y1),f51(2,y1),f51(3,y1)],y1=-20..20,thickness=5,color=[red, blue, green]);

Fig.7

________________________________________________________________________________________________________________________________|
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> f5:=unapply(exp(-(y-tau~3/3)"2/(2*tau”3/3))/sqrt(2*Pi*tau”3/3),tau,y);

3)?
=
— 7 /s

27~3

e
f5=Cc~y ) > —m—ru—
( Yo 2t ~~Nt~1
> assume(tau>0);

> int(f5(tau,y),y=-infinity..infinity);

(56)

1 (57)
> plot([f5(1,y),f5(2,y),f5(3,y)],y=-20..20,thickness=5,color=[red, blue,green]);

04

03

y
Fig.8
> plot3d([f51(tau,y),f5(tau,y)],tau=1..3,y=-20..20,color=[red,"'SkyBlue']);

10 20
¥

Fig.9
2) We turn to the equation related to the problem of determining the distribution law of the ordinate of a
random process U (t):

U'(t) + aU (t) = m&(t),U (0) = x,
where &(t) is “white noise” having zero expectation and correlation function K. (7) =0(7).

> assume(alpha>0,m>0);
> PDEC:=diff(f(tau,y),tau)-alpha*y*diff(f(tau,y),y)-m~2/2*diff(f(tau,y),y$2)=0;
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e v oyt
PDEC:=——f(r~y~)-a~y (6y~f( Y )]

o & (58)
m -~ (ayJ f(r~,y~))
— =0
2
According to formulas (48), we perform transformations of variables:
2 1
y'=y“,r'= m—(ez‘” —1): y= #,r -1 In(1+2—0§r'
20 L 2a 2a m
1+ — T
m

> tr:={tau=1/(2*alpha)*In(1+2*alpha/m”~2*taul),y=yl/sqrt(1+2*alpha/m”2*taul)};

.n[1+20“21~)
. m -~
Ir=<r~=

_— yl
2a Y

5 T (59)
a~7l~
m~2

1+
> PDECH:=dchange(tr,PDEC,[taul,y1],simplify);

2

2
PDECH = (—2— f(rl~ yl~—a ~m~) - !
orl~

f(zl~ yl~—-a ~m~)

5 ) % (60)
x(2a ~7tl~+m~?)=0

> PDE6:=expand(PDECH/(2*alpha*taul+m”2));
2
f(rl~ yl~—a ~m~)
2
PDE6:=—a f(zl~, yl~—a~m~) — L =0
orl~ 2

(61)
We solve the auxiliary equation, plot the solution with a special choice of parameters [Fig.10]:
> assume (x1,real);assume(taul>0);

> icch:=f(0,y1,alpha,m)=Dirac(yl-x1);
icch :== f(0,ylL, & ~,m~) = Dirac(x1~ —yl) (62)
> pdsolve([PDES6,icch]);
(xa=—y1-)
e 271~ ,\/E
f(rl~, Y1~ a~m~)=—+*< (63)
2N~z
> f0:=unapply(exp(-(y1-x1)"2/(2*taul))/sqrt(2*Pi*taul) taul,yl,x1);
(y1~—x1~)?
e 22’1~ ,\/E
fO=(1~-yl-xX19) > ——onu—e—
( Y ) 2\NTl~ 7

(64)
> plot(subs({x1=1,taul=1}f0(taul,y1,x1)),y1=-5..5thickness=5,color=""SkyBlue");

|
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03

0.14

-4 22 0 2 4

Fig.10
We determine the solution of the original equation:

m2 (GZar _ 1)

f0O(z1, y3, xl)[rl = ,yl= ye”}% (w(r,y)= 6

> tauln:=unapply(m”2/(2*alpha)*(exp(2*alpha*tau)-1),tau);
m 2 (e2a~r~ —l)
2 ~

tauln =7 ~—

(65)

> yln:=unapply(y*exp(alpha*tau),tau,y);
yln=(z~y~)>y~e"" (66)
> f6:=unapply(subs({taul=tauln(tau),yl=yln(tau,y)},fO(taul,yl,x1))*
exp(alpha*tau),tau,y,x1,alpha,m);
(—xl~+y~ea‘T~J2

m~2(62a~‘r~ 1)

ea~r~
\/ﬂm 2 (e2a~r~ _1)

@~ (67)
The resulting expression also reflects the density of the normal distribution [Fig.11].
> plot(subs({x1=1,tau=1,alpha=1,m=1},f6(tau,y,x1,alpha,m)),y=-5..5,thickness=5,color=blue);

f6=~y~xl~a~m~)—

064

Fig.11
> int(fé(1,y,1,1,1),y=-infinity..infinity);
1 (68)

3)a(z,y) =7(y—c).b(zr,y) =27(y —c)*,y >c
________________________________________________________________________________________________________________________________|
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> PDET7:=diff(f(tau,y),tau)+tau*(y-c)*diff(f(tau,y),y)+tau*(y-c)2* diff(f(tau,y),y$2)=0;

f(r~,y~)+r~<y~—c)[£f(r~,y~)j+

PDE7 = o
or ~
) (69)

+7~(y~ —c)z(aya*‘2 f(r~y ~)j=0

> assume(taul>0,x1>c);
Using the formula (48), we perform the following transformation of variables:

y'=w(z,y)=In(y-c)=

= E ;yz w(z, y)b(z,y) + %y/(r, y)a(r,y) + %V,(,, y)} _0 —a(cy)=0,

r'=p(r)=1"2=> {[%V/(ﬁ y)}’\Z*b(r, y)} ; diqz)(r) =1=b'(z",y") =1

T
> tr:={y=c+exp(yl)tau=sqrt(taul)};

tr = {z' ~= \/rl~,y~:c~+ey1} (70)
> PDET7CH:=dchange(tr,PDE7,[taul,y1],simplify);

PDE7CH =71 {28&1 F(rl = yl~c)+ -2
-

2

f(l~, yl~, c)j:O

v (71)
> PDE7CHN:=expand (PDE7CH/(2*sqrt(taul)));
2
f(zl~,yl~c)
2
PDE7CHN = 0 f(z1~ yl~c)+ oyl =0 (72)
orl~ 2
> icch7:=f(0,y1,c)=Dirac(x1-y1);
icch7 .= (0, yl,c ~) = Dirac(x1 ~ —yl) (73)

The solution of the problem (72)-(73) is olso expressed by the formula (63):
f (71, y1, x1,¢c) =exp(—(yl— xD)"2/(271) / sqrt(27zrl)
The resulting solution is the density of the normal distribution; we determine the density forthe
process under study:

f(z1, yL X1, 0)lyl =y (z,y), 1= p(2)]*

2
) exp(— ? +x1—In(y —c) /(272))_
— (@ y)= fi(z,y,xlc) = ( ) ;
oy (y—Cc)\27
the last expression is not the density of the normal distribution ( this result is expected , since the transformation
performed is not linear ) [Fig.12], [Fig.13].

> f7:=unapply(exp(-(tau2+x1-In(y-c))2/(2*tau”2))/(tau*(y-c)*sqrt(2*Pi)),tau,y,x1,c);
(2 +xi-In(y—c)?

212 \/E
2¢(y —c)Wr

> plot3d(subs({x1=0,c=1},f7(tau,y,x1,c)),tau=0.5..5,y=1..10,color=cos(tau),title=""3D-SURFACE
of f7 (tau,y,0,1)");

f7:=(2',y,Xl,C)He

(74)
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3D-SURFACE of {7 (taw.y.0,1)

Fig.12
> plot([subs({x1=0,c=1,tau=0.5},f7(tau,y,x1,c)),subs({x1=0,c=1,tau=1},f7(tau,y,x1,c))],y=1..10,thickne
ss=5,color=[red,blue]);

bt

Fig.13
The animate graph below clearly shows the movement of the density surface depending onthe parameter ¢
[Fig.14]:
> animate(plot3d,[subs(x1=0,f7(tau,y,x1,c)),tau=0.5..1,y=c..10],c=1..5,style=patchcontour);
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c=1

Fig.14

V. CONCLUSIONS
The article investigates the Fokker - Planck - Kolmogorov equation for a Markov random process.
Various practically important cases are considered for the rate of change of the ordinate of the process and the
rate of change of the conditional variance of the process. Analytical formulas for the densities of the corresponding
distribution laws are obtained, 2D, 3D and animate graphs of densities are constructed. Using the capabilities of
the Maple mathematical package it was possible to find connections between the known laws of probability
distribution with various equations of the FPK-equation type. These studies mainly use the theory of Markov
processes, the theory of probability distributions, the method of integral transformations, the method of

characteristic functions, as well as the method of variable transformation.
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