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The Bloch Space of Analytic functions
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Abstract: We shall state and prove a characterization for the Bloch space and obtain analogous
characterization for the little Bloch space of analytic functions on the unit disk in the complex plane. We
shall also state and prove three containment results related to Bloch space and Little Bloch space.
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I. INTRODUCTION
We let :{Z eC/|z|<1} D
For weD, the Mobius transformation ¢, is defined by

W—-2Z

for zeD

¢, (2) =

Then 1-wz

1-|¢, () =1-4,(2)4,(2)
:1—[W__Z )( W—Z_]
l-wz )\ 1-wz

va = — - (l)

So, the function ¢, maps D on to itself and oD on to itself. It is easy to verify that g, is its own inverse. Noting

that ¢, (2) :M

— , the above identity states:
(-
(-l || 1@ - @

Bloch space B is the space of all analytic functions f on D for which
Sup (l—|z|2) ‘ fl(Z)‘<oo
zeD
and B becomes a Banach space with respect to the semi norm
2
| 1], =Sup (-2 ) |f*(2)
Ze
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Using (2), we have
| fog, [, = Szgg(l—lzlz) (f0¢w)l(2)‘
= sup(1-|2f') [£*(4,(2))| | 2)
= sup (114, @) ) |1 (4, )
$u(2)D

=[]
S LCU R L N ©)

Thus Bloch space is a Mobius invariant space.

In the next section, we shall state and prove a criterion for containment in the Bloch space and little
Bloch space.

I1. CHARACTERIZATION FOR BLOCH AND LITTLE BLOCH SPACE

A. THEOREM 1
For an analytic function fon D

2 2
feB < SUp{(lzl) (1_W ) f(zz_Jv(W):Z,WE D, z¢w}<oo
Wz _

Proof : Suppose for an analytic function f on D

Sup{(l_|2|2) (1_|W|2) ‘ )= f(W)IZZ,We D,z ¢W}<oo

‘1—@4 z-w

(1-12) (2-) | £ 2) 1 )

v | z-w |

<o, VZ,weD,z#w

Taking limit as w—z, we get

(1—|z|2)2 ‘fl(z)‘
(112 )
= SZ,UEE) (l—|2|2)‘f1(2)‘<oo

= feB

Sup

<0

For the next part, suppose f € B
2
= Sz,gé) (1—|z| )‘fl(z)‘<oo
:,(1_|z|2)\fl(z)\ <|f|,, vzeD — (4)

| IMER | ISSN: 22496645 | Www.ijmer.com | Vol. 4| Iss.11] Nov. 2014 | 34]



The Bloch Space of Analytic functions

Then for each U e D, we have

f(u)—f(0) = j f1(tu) udt

1
= [F(u)-F(O)] =] f*(tu)udt
0
H
< [|£ ) u]t
0
<[ o
bt
1
L,
o 1=t
log(1-tul))
010l Il f; tdt=f8u<°"(_u“))o
= [ 1], log(1-Jul) "= f|,, log)—
< I1l,log =21
1-|uf

< |f ”[1+|u| J (- logx<x—1,x>0)

1-|uf

1+|u—1+|uf
< fn, [ MEELAL

1-Ju’

1+ul—1+u
< 1], M]

1-|uf

2

2\u
|f(u)—f(0)|s||f||81_|| | , YueD

Now for z, We D replace f in the above inequality by fog, and let u =4, (z). Using

dw(dn(2)) = z and identities (1) and (3) we have
2|¢.,(2)
(06.)(u)~( 104,)(0)] < o], 242

1-|4, @)
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2|W—z|
f _
I

1w’ ) (22

L-ve]

::|fa)—ﬂwﬂs(

We briefly discuss the little Bloch space BO. The set of all analytic functions f on D for which

lim (1-[2" )| *(2)|=0
|z2]-1

For an analytic function f on D and 0 <t < 1 the dilate ft is the function defined by f(z) = f(tz). It is known that
for an analytic function f on D:

feB, iff |f-f] —0 ast—1

(e ) (o) |f(z)—f(W) Sfl. -6
N ‘1—\?/2‘ z—w | B
(12 )of) £ - £
. Sup [1- v | z-w | TP 2)f], <
weD,z#zw

In analogy to theorem (1), we have the following result.

B. THEOREM 2
For an analytic function fon D

{(“2)(““)

1wl

Z—W

lim Sup

\z\alf

f@)- f(w)‘:z,We D, z¢w}0

Proof:

Taking limit as w—z in the condition of the statement, we get

lim Sup
| -l

|21

= f eB,

Suppose f €By, then f - fieB

Applying inequality (5) for f,eB, we have

|
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(1= )2 1,20 g,y () (2Pf) 20, vt
vz | z-w [T [z-wifi-w '(17t2\z\2)(1—t2\w\2)

=2t (1) - ®

1-t)

Applying inequality (5) for f- fieB, we have

( )( ‘W‘)‘f f)z) (f-1, (W)ng_ftB -

S

Inequality (6), (7) and triangle inequality imply that

(12 )(pwd’) 1 (2)- 1 (W)I

i-wg | z-w

1-|z ) (1w’
=( ||_)( | |)|(f—ft)(z)—(f—ft)(w)+ft(z)—ft(w)|

‘1—WZ“Z —W|

BN (- 1)

‘1—WZ“Z ~W

O ) PP

‘1—v_vz“z—w|

2
21l e U1 o1

Now first letting |Z| —)i and then t —)i we get

lim Sup (1_|Z|2)(_1_|W| ) f(@)- f(W)I

z,weD, z#zw;=0
ot 1w | z-w

In the next section, we shall prove three results related to containment of Bloch and Little Bloch space

I11. CONTAINMENT RESULTS OF BLOCH AND LITTLE BLOCH SPACE
Let ¢ be a bounded analytic function on D, then there exists a constant

M > Osuchthat‘;b(z)‘ <M,vzeD
From Cauchy’s 1ntegral formula, we have
¢(w)dw
4 (2 I
" 27 )
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- AM
where C is any closed disc of radius r in neighbourhood of 1 and containing z, then ‘¢ (z)‘ <—— inthe
r

r .
concentric disc of radius E . This implies that ¢ (Z) is bounded in any neighbourhood of 1 contained in D

whenever so is ¢( Z) :

A. THEOREM 3
If feBthen f+keB where keC isa constant
Proof: It is very easy to see that

f'(2)=(f+k)(2)
Therefore szlejg(l—|z|2)‘ f (z)‘ =szl€JE(1—|z|2)‘(f + k)' (z)‘

Hence f +k € B whenever f € B
B. THEOREM 4

If fe B, is bounded and ¢ is any bounded and analytic function on D then
feB, = Ilm(l |z| )‘ (z)‘zo

|z]-1

(9) (2)=4(2) () (2)9 )
Note that 3‘(‘“)I(Z)‘SWZ)H‘CI(Z)H“(Z)qu(z)‘
= (1) 1) @) <(2-lef o) (22 I 2o )

Taking limit as |Z| _)17,

¢t eB,

Proof:

the first term on RHS tends to 0 because of the hypothesis and ¢ is

bounded and the second term since f and ¢ bounded in the neighbourhood of 1 as ¢ is bounded on D

tends to 0.
TR Hence ‘Ilm (1 |z| )‘( )(z)‘:O

z\—>l
Therefore ¢f € BO.

C. THEOREM 5
If f,g arebounded functions of B, then fg € B,.

Proof: From the definition of B

fim (1-[2f) £ (z)
lim (1-12f*)Jo'(2)| =0
Note that 0 < (1-[z[")|(fa) (2)|<(2-[2") g (2)]| (2)]+ (112 )|t (2)]}a (2)

Taking limit as |Z| -1

0

«

, we get

Ilm(l |z| )‘( )(z)‘:o

-1

.. fg e B,.
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IV. CONCLUSION
| invite interested readers to pursue geometric interpretation of characterization theorems that we

proved in this paper and also similar containment results related to the Bloch space.
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