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A Note on a Three Variables Analogue of Bessel Polynomials
Bhagwat Swaroop Sharma

Abstract: The present paper deals with a study of a three variables analogue of Bessel polynomials.
Certain representations, a Schlafli’s contour integral, a fractional integral, Laplace transformations, some
generating functions and double and triple generating functions have been obtained.

I. Introduction
In 1949 Krall and Frink [12] initiated a study of simple Bessel polynomial

Y, (X =,F {—n,l+n;—;—§} (1.1)
and generalized Bessel polynomial
Y, (a b, x)=,F, {—n,a—1+n;—;—%} (12)

These polynomials were introduced by them in connection with the solution of the wave equation in
spherical coordinates. They are the polynomial solutions of the differential equation.

X2y () +@x+b)y ()=n(n+a-1)y(x) (1.3)
where n is a positive integer and a and b are arbitrary parameters. These polynomials are orthogonal on the unit
circle with respect to the weight function

p(X,0)= : i [ ( gj : (1.4)

2ni ;o (a+n-1) X
Several authors including Agarwal [1], Al-Salam [2], Brafman [3], Burchnall [4], Carlitz [5],

Chatterjea [6], Dickinson [7], Eweida [9], Grosswald [10], Rainville [15] and Toscano [19] have contributed to
the study of the Bessel polynomials.

Recently in the year 2000, Khan and Ahmad [11] studied two variables analogue er“’ﬁ) (X y) of the

Bessel polynomials Y,Sa) (X) defined by
Y (x) = ,F, [—n,a+n+1;—;—§} (1.5)

The aim of the present paper is to introduce a three variables analogue Y,f“‘ﬁ'y) (X, ¥,z;a,b,C) of (1.2) and to

obtain certain results involving the three variables Bessel polynomial Y,f“‘ﬁ'y) (X vy,z;a,b,c).

I1. The Polynomials
er“’B”’) (X Y,Z;a,b,C): The Bessel polynomial of three variables er“m) (X, ¥,Z;a,b,c) is defined as
follows:

Y “P1 (% y,z;a,b,¢)

ZZO: Z Z (=n),er;(@+n+2),(B+n+1)(y +n+1), (_ET (_XJS (_9 -

parc i rtstjl a b

Forz=0,a=b =2, (2.1) reduces to the two variables analogue Y,f“‘m (X, y) of Bessel polynomials (1.5) as
given below :

YD (% y,0;2,2,¢) = Y (x y) (22)
Similarly

Y (x,0,2;2,b,2) = Y (% 2) (23)
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Y (0,y,2;8,2,2) = Y8 (y,2) 24)
Alsoforaa=—n-1,andb=c=2

YD (¢ y,z8,2,2) = Y (v,2) @25
Similarly,

Yrga,—n—l,y) (X, y,Z;2, b, 2) — YIEW{) (X, Z) (2.6)

Y@BD (¢ vy 7:2,2,0) = YO (xy) @7)
where

00t (—n),(a+n+),B+n+1), ( X\ ( y)
Y[Eot,ﬁ) X — ( r+s s r|_~ _J 2.8)
IEDIDY st 2) 72

Also, fory=z=0,a=2, (2.1) reduces to the Bessel polynomials er“) (X) as given below:

Y (x,0,0;2,0,0) = Y (¥ @9)
where Y(* (X) is defined by (1.5).
Similarly

Y (0,y,0;8,2,0) = Y (y) (2.10)

Y4 (0,0,2;2,2,) = Y (2) @11)
Also, forf=y=—n-1,a=2, we have

YLD (o y 702 b,0) = Y (X) (212)
Similarly

Yt (v z:a,2,¢) = YO (y) (2.13)

YD (x y 28 b, 2) = YO (2) (214)

I11. Integral Representations
It is easy to show that the polynomial Y,f“‘ﬁ'y) (X, ¥,z;a,b,C) has the following integral representations:

1 o+Ny BNy A YN Xu yV W -Uu-v-w
1 dudvd

Do+n+1)TB+n+1)T(y+n+1)% -[ I I v ( A e j ° HEvaw

= Y ") (x,y,z;a,b,c) (3.1)
Forz=0,a=h=2, (3.1) reduces to

1 <[ o+n ,B+n xXu yV " -u-v
1+ —+=— dud
r(a+n+1)r(ﬁ+n+1)Io Io Y (+2+2je 1
= Y (x y) 2)

a result due to Khan and Ahmad [11].
Fory=z=0, areplaced by a— 2 and a replaced by b, (3.1) becomes

1 * a —2+n xt " -t
Y = 1 t :
(a,b,x) F(a—1+n)-[ ( + b] etd (3.3)

a result due to Agarwal [1].

Jg Jg j(; X (r=x)"yP(s—y)" 2V (t-2)" Y(@PY) (x,y, z;a, b, ¢) dx dy dz
e gk g p(n)P
(a+1), (B+1), (y+1),

E E jol uWHa—u) v a-v) Tt wE - w) YR (xu, yvzw; a, b, ¢)du dv dw

ylemBr ) (st a, b, ) (3.4)

]
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( )r k)l"( )F(M)F( )r( )F(3) —n::—;—;—:a+n+1,8;B+n+1,n;y+n+1,§;_§ 'y z
T+ (+p)O(E+v) -l 8+A ; mtp 5 E+v 5 a b’ ¢
(3.5)

where F® [ ] is in the form of a general triple hypergeometric series F® [x, vy, 2]
(cf. Srivastava [18], p. 428).

J;l E E u@—u) v - vt wE - w) Y P (x(1—u), yvzw; a, b, ¢)du dv dw

~ () )r(m)r(w)rE)r(v) F© —ni— = —io+n+1 A B+n+1, n;y+n+1,§;_§ 'y z
T TE+A)(M+p)rE+v) —n——— 84h ; m+p ; E+v ; a b’ ¢
(3.6)
J‘:J.:Eufs’l(l—u)x’l vt A-v) Tt wera-w) YR (xu, y(1-v), zw; a, b, ¢)du dv dw
_F(S)F(X)F(n)l“(u)l“(é)l“(v) £©) —nio o —ta+n+LEB+n+lwy+n+l g x y z
C TE+ M+ p)O(E+v) —n——— 84A ; mHp 5 E+v 5 a b’ ¢
(3.7)
.folEEu5’1(1—u)Hv“’l(l—v)”’lwi’l(l—w)v’ler""ﬁ'“’)(xu,yv,z(l—w);a,b,c)dudvdw
_ T@)r)r(m)r(wrE)r(v) o | NE —i—ta+n+LgB+n+lmy+n+lvi x y z
C TE+ M+ p)0(E+v) —n———r 84A 5 omtp o E+vo5oa bl
(3.8)
I: I: J.: U —u) v -v) T wEta-w) T YR (x(-u), (- V), zw; a, b, ¢)du dv dw
~ () )r(m)r()rE)r(v) F© —ni— = —io+n+1 A B+n+1, u;y+n+1,§;_§ 'y z
C TE+A)(M+p)rE+v) —n———: 8+A  m+p ; E+v : a b ¢
(3.9)
Jj j: jol UHa—u) v - v wE A —w) YR (x(@—u), yv, z(1—w); a, b, ¢)du dv dw
~ T()r(A ) () (u)rE)r(v) £® —ni— = —latn+lL AB+n+lmy+n+lv; x y z
C e+ (+p)rE+v) —ne—— 84A 5 omHp ; E+v o oa bl
(3.10)
E Iol J.Ol UHa—u) v a-v) T wE A -w) T YR (xu, y(1-v), z(A—Ww); a, b, ¢)du dv dw
~ () )r(m)(w)rE)r(v) F© -n:i-; —;—:a+n+1,8;B+n+1,p;y+n+1,v;_§ 'y z
T TE+A)(M+p)rE+v) —n——— 84A ; om+p 3 E+v ;o a b’ c
(3.12)
IIJ. U —u) vt a-v) T wEa-w) T YY) (x(1-u), y(-v), z(1—w); a, b, ¢)du dv dw
( O () (w)r(E (v )F(a) —ni— = —latn+lL A B+n+Llwy+n+lv; x y z
C TE+A)(M+p)rE+v) i 8+h ; mHp ; E+v ;o a bl oc
(3.12)

Jj E E u - u) - v wE - w) Y BY) (w, yuw, zuv; a, b, ¢)du dvdw

_IEEE)rmr)rE)rv) o {—n::S i Elatn+LBHn+liy+n+l x y _z}
TE+M)r+prE+v) -~ |- |

DO0+A MU E+V I - - — ; a b oc
(3.13)

]
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Ll Jj J;l U —u) v - v) w1 w) Y P (v (1 - w), yw(l— u), zu(l— v);a, b, ¢ )dudvdw

~ F(5)F(7~)T(H)F(H)F(§)F(V)F(s) -n ::—;—;—:a+n+1,8,p;[3+n+1,x,§;y+n+1,n,v;_§ Yy z
C T+ +)rE+v) —L 8L ;o MHp s E4v: oo o - a b'c
(3.14)

Particular Cases:
Some interesting particular cases of the above results are as follows :
(i) Takingd=a+1,n=p+1,&=y+1, A=p=v=nin(3.5), we obtain

.f; I; I; u*@—u)" " VPa-v) " twra-w)" Yé“*B’Y) (xu,yvzw;a, b, c)dudvdw

oy
i, Gen e,

which is equivalent to (3.4)
(i) Takingd=m=&=n+1,A=qa,pn=p,v=yvin(3.5), we get

I j j "A—u) v A=V w @ —w) T Y P (xu, yvzw)du dv dw

(x y,z;a,b,c) (3.15)

_ (nt) Y000 (x v, 7) (3.16)

(a)n+l (B)n+1 (Y)n+1

(ili)  Replacingobya+n+1-3,nbyp+n+1-n,Ebyy+n+1-¢& andputtingh =3, u=nandv=¢§in
(3.5), we get

f; E j; UM Ly )Py (o1 W 1w )Ly B (xu, yvzw; a, b, ¢) du dv dw

_TNo=8+n+)r@EE-n+n+Jrm)C(y —E+n+10E) | fasponio

C(a+n+)C@E+n+1)0(y+n+1) (x y,z;a,b,c)

(3.17)
Similar particular cases hold for (3.6), (3.7), (3.8), (3.9), (3.10), (3.11) and (3.12).
(iv) Forz=0,a=b=2, results (3.4), (3.5), (3.6), (3.7) and (3.9) become
[ x "L yPs—y)" Y *P) (x, y)dx dy
o+n SB+n ¢y+n 2
_ st e {r(n)f Yl (1 5) (3.18)
(o0 +1), (B+1),
_[01 01 uHa—u) v a-v) Y (xu, yv)du dv
rEr)rmr() o0 -n:a+n+1,8; B+n+ln; x vy
= L2 - = (3.19)
CE+A)rm+p) | -1 8+& 5 m+p ;27 2
.[01 I: uW@—u)t v a-v) Tt Y (x@—u), yv)du dv
rErMIN(W) o[ —na+n+LA; B+n+ln; x vy
= Fu2: —= -2 (3.20)
CE+A)rm+p) | -1 8+r 5 mp ;27 2
I: : U @—u) v a—v) Tt YO (x@—u), y@d-v))du dv
FErACMINE) oo —N:a+n+LA; B+n+lp; x vy
= L2 -= -z (3.22)
CE+A)(n+p) | - 8+1 5 Mm+p ;22
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Results (3.18), (3.19), (3.20) and (3.21) are due to Khan and Ahmad [11].
Also, using the integral (see Erdelyi et al. [8], vol. I, p. 14),

2isin nzF(z):—I(0+) (-tytetdt (3.22)
and the fact that
)r+s+1 Xj yS Zr

@l-x-y-2z) z Z A (3.23)

S5 5 rlst

we can easily derive the foIIowmg mtegral representations for Y(“’ﬁ‘y) (X, y,Z;ab, C) :

—J(O+) J‘(0+) I(0+) - <x+n V)B+n (_W)y+n —U-v-w (1+XU ﬂ_’_ﬂj du dv dw
a b c
=8i(~1)" sin masin 7B sin y T(a+n+ B+ n+10(y+n+1) Y“* (x, y,z;a,b,c)
(3.24)
(=1)"*! sin moc sin 7B sin 7y T+ o+ )DL+ B+n)C L+ +n)

7t3

© o o —g—-n-1,—B-n-1, —y-n-1 —U-V— ax by cz
J‘O J‘O J‘O uocanBnlWynleuvargoc,B,y)(u \ywaijdUdVdW

=(1-x-y-2)’ (3.25)

IV. Schlafli’s Contour Integral
It is easy to show that

n
I(OJr) J‘(OH J‘(OH ua+n VB+n Wy+n eu+v+w [1_£_ﬂ_ﬂj dU dV dW

a b ¢
=8i(~1)" sin ma sin 7B sin wy T+ o+ )T+ B+n)C(1+y+n) Y P (x, y,z;a b,c)
(4.1)
Proof of (4.1) : We have
(0+4) (0+) (0+) ua+n VB+n Wy+n eu-¢—v+w (1_&_ﬂ_ﬂj dU dV dW
a b ¢

Zi n-r n—zr—s (_n)r+-s+j (gjl(%js(éjr( 1 3J-(0+) J‘(0+) '[(0*-) ua+n+jVB+n+sWy+n+reu+v+wdu dv dw

r=0 s=0 j=0 r lS ! J ! 27C |) —o0 0 0

r=0 s=0  j=0 rlsljlr a—n—j)l“(—ﬁ—n_s) r(_y_n_r)
using Hankel’s formula (see A. Eerdelyi et al. [8], 1.6 (2)).

1 1 o0 .-
—_ = et dt 4.2
ORE) 2
Finally (4.1) follows from (2.1) after using the result
[(z2)TQ-z) = = cosecnz (4.3)

forz=0,a=b =2, (4.1) reduces to
j(0+) J‘(0+) GO BN gUEVHW (1_ﬁ_ﬂjn du dv
—00 —00 a

= —4sin nocsin i DL+ a+n)CAL+B+n) Y4P) (x y) (4.4)
which is due to Khan and Ahmad [11].
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V. Fractional Integrals
Let L denote the linear space of (equivalent classes of) complex — valued functions f(x) which are Lebesgue —
integrable on [0, a], o < 0. For f(x) eL and complex number p with Rl p > 0, the Riemann — Liouville

fractional integral of order p is defined as (see Prabhakar [13], p. 72)

1 X 1
" f(x) =—— (X — t)” f(t) dt  foralmostall x € [0, o] (5.1)
[(n) !
Using the operator I*, Prabhakar [14] obtained the following result for RI pn > 0 and Rl o > —1.
I* [x* ¢ (x k)|= [(kn+a+1) X Z8H (% K) (5.2)
r(kn+o+p+1)

where Zz (X; k) is Konhauser’s biorthozonal polynomial.
Khan and Ahmad [11] defined a two variable analogue of (5.1) by means of the following relation :

1 Xy A1 1
1k [f . - —v)**f(u,v)dud .
A R LT
and obtained the following result :
a+n ,B+n
Pra [yesnr Bt yp(up) Xy F(oc —A+n +1) F(B —p+n +1) v (@ Bh)
[X y P y)] C(a+n+1) T(B+n+1) " (xy)

(5.4)

In an attempt to obtained a result analogous to (5.4) for the polynomial YrE“'B’Y) (X, y,Z;a,b, C) we

first seek a three variable analogue of (5.1).
A three variable analogue of 1" may be defined as

1 X Yy [z -1 1 -1
R (xy,z)]=———— X—U y—Vv)*(z-w)" f(u, v, w)du dv dw
6yl 6 B G0 6w e-w )
(5.5)
putting f(X, y,z)=x"" yPt zrnn (@b (x 'y 743 b, ¢) in (5.5), we obtain

[P [ch+n—k y[3+n—u 270N Yrsmﬁlv) (X, y,z;a, b, C)]
NG yB+n 2740 F(OL —A+n +]_)F(B—M+ n +1)F(Y —n+n +1) Y(Oﬁxvﬁ*”'y’”) (X y,Z;a,b C)

n

- T(o+n+1) TE+n+1)C(y +n+1)
(5.6)

VI. Laplace Transform
In the usual notation the Laplace transform is given by

L {f(t):s}:f e f(t)dt,RI(s—a)>0

where f & L (0, R) for every R > 0 and f(t) = 0(e), t — oo.
Khan and Ahmad [11] introduced a two variable analogue of (6.1) by means of the relation:

(6.1)

L {f(u, v):s,, sz}:f J? e~ f(u, v)du dv (6.2)
and established the following results :
L {u“”l vty (o) (Z—X ﬁ]:sl ,sz}
us, Vs,
TC2 Six+n S[g+n .
= 1-x— .
sin mow sin nBF(oc+n+1)F(B+n+1)( x=Y) ©3

and

n
L uot+n VBH’I (l‘l‘XUTSl _{_%J :51,32

]
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Co+n+)TE+n+1) (op
- Six+n+1 g+n+1 Yr(‘ ) (X’ y) ©4)

In an attempt to obtain results analogous to (6.3) and (6.4) for er“’B”’) (X, y,Z;a, b, C) we define a
three variable analogue of (6.1) as follows

L{f (u, v, w):sl,sz,sg}:'fooo .[: j: e f(u, v, w)du dv dw (6.5)
Now, we have
LJyont Bt W—ynlY(aBy) ax by Cz . :
us,'vs, ws, )T

1 \+L 3 qo+n oB+n qy+n
=— . . ( 1) T Sl SZ Sé (1_ X — y)n (66)
sin mou sin 7 sin ty T(a+n+1)T(B+n+1)T(y +n+1)

Similarly, we obtain

n
L{u”‘+n v et (1+ XS, YVS, | ZWS?’j 181,82,53}
a b C

_Na+n+)r(B+n+)T(y+n+1)

sa+n+l SB+n+l Sy-*—n-*—l
1

Y{*B) (xy,z;a,b,¢c) 6.7)

VII. Generating Functions
It is easy to derive the following generating functions for YrE“’B"’) (X, y,Z;a, b, C)'

[’e] n —a-1 _B_
Z t—Yn(“‘“'B‘”'V‘”) (x, y,z;a,b,c)=¢" (1—£) [ —ﬂj (1—Z—tj (7.1)
“~ nl a b o
5 £ oo funannd
n=0 -
—-B-1 —y-1
s T o at |7
:(1_4XtJ 2 2 1 b R e LAP
a
14+ - 14 - 14+ - 14 1-
a a a a
(7.2)
> t—l Y\ (x y, 758, b, ¢)
n=0
—a-1 —y-1
1 T 7 a |

:(1_ 4;“) 2 2 11— a P e Lﬂr

14 1= 14 1=t 14 1=t 14 J1-

b b b b
(7.3)
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Y —a-1 -p-1
2xt 2yt 2t4
— — zt
=(1—Ej 2 |p—a 1—— b | Ve g
14 147 14 147 14 147
C C C

it_ a2nﬁnyn()('yzabc)

n=0 nl
at a —-p-1 -v-1
—eant [1+ Xt} L 1t (7.5)
a b(a+xt) cla+xt)

Y(a_n'B_Zn,Y—") (Xa y.z;a,b, C)

n

i t bt | bzt |7
N (1+ y j 1- -2t (7.6)
b a(b+yt) c(b+yt)

ylanbnr2) (y y 7:9 b, )

n

ot -0l L
_eua (1+ th 1 -t (7.7)
c a(c+zt) b(c+zt)

tn
n!

s

I
o

n

tn
n!

Ms

>
Il
o

i (1) YlePlm) (x y,7:a,b, c):ﬁYn(‘*’B'”) (%, y,z;a,b,c(1+2)) (7.8)

k=0

i (=2 )< ylek=ny) (x v 7:a b, c):ﬁYS“'_”'Y) (x y,z;a,b(1+1)c) (7.9)

k=0

i (=)< ylk=nB1) (x v z:a b, c):ﬁYé‘”’B’Y) (x, y,z;a(l+1),b,c) (7.10)

k=0

Using (3.1), we can also derive the following results :

&R e ien) :

kZ:; i Y/ '(x, y,z;a b,c)

1 S R a+n, ,B+n xu yV W —u—v—w

= 1+ — J, 12vAw Jdudvd

F(oc+n+1)1"([3+n+1)-[0 -[0 IO Y ( a+b+cj 0(\/_W)UVW
(7.11)

© k

kZ:(; (_kk!) Yl k) (x y,z:a, b, c)

_ 1 P [P atn ., v+n xu yv ﬂ g u-v-w

_r(oc+n+1)1“(y+n+1)j° IO IO ue"w (1 P cj JO(ZM)dudvdw

(7.12)

S (_}\‘)k -n,B, .

kZ:(; " ynb1) (x y,z:a,b,c)

— 1 0 *© 0 B+ny,,v+N 1 xu yV ﬂj —u—v—w 2
F(B+n+1)1“(y+n+1-|. IO J.O e ( a2 b ¢ Jo(\/E)dudvdw

(7.13)
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M

n

=~
1l

0

(_1)k 7\’2k Y(a,B,Zk—n) (X, y,z:a, b, C)

= 1 [ [* | a+n,,B+n Xu yv zw " U—v-w

_F(Ot+n+1)r(ﬁ+n+1)-[o [ (1+?+F+Tje cos Aw du dv dw
(7.14)

i (_1)k 7L2k Yr(la,Zk—n,y) (X, y,Z;a, b, C)

k=0

= 1 ©(* [* o0 +n Xu yv zZw " U—v-w

_F(OL+n+1)F(y+n+1)I0 jo .[o utw (1+?+F+Tj e cos AV du dv dw
(7.15)

i (-1)¢ A%k Y @B (x vy, 7:a,b,c)

k=0

_ 1 RS GRS TR VA VARV R

_F(B+n+1)l“(y+n+1)jo L J.o umtw? (1+?+F+Tj e cos Au du dv dw
(7.16)

s

T
o

1

M

n

T
o

1

s

=~
I

0

1

— 0 0 o B+ny,,v+N 1
F(B+n+l)1“(y+n+1)-[0 -L -[0 oW (+ a b ¢

O [* 00 vl q
F(a+n+1)F(y+n+1)L IO -[0 o [ a b c

(_1)k 7\«2k+1 YrE(X,B,Zk+1—I’1) (X, y,Z,a, b’ C)

XU yv zw

R R o+ny,B+n " —“U-v-W 3
_F(oc+n+1)l“([3+n+1)-[o .[o .[o u—v (1+ PR j e sin Aw du dv dw

(7.17)

(_1)k 7\‘2k+l Y(a,2k+l—n,y) (X, y,Z;a, b, C)

Rl ﬂ+ﬂ) e """ sin Avdu dv dw

(7.18)

(_1)k 7\‘2k+l YrE2k+l—n,B,y) (X, y1z1a’ b, C)

XU yv zw

+—+ j e ™" ™sinAu dudvdw

(7.19)

VIIl. Double Generating Functions
The following double generating functions for YrE“’B”’) (X, y,z;a, b, C) can easily be derived by using (3.1)
S (W) () Y (%, y,z;a, b, €)
m=0 k=0
- Y\ (x,y,z;a(l+A), bI+p), ¢) (8.1)

@+2)@+n)

i i (— 7\,)m (— u)k YrEm—n,L’v,k—n)

@+2)@+n) "

(x, y,z;a,b,c)

== Y™ (x,y,z;a(l+ 1), b,c(1+p)) (8.2)
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Z m( H am—n,k—n) (X, y,Z:a, b,C)

NgE

m=0 k=0
1 -n,-n
(1+k)(1+u) Yoty ziablen) olew) (83)
© © k
Z Z oy (kIM Ym n,k-n,y) (X, y,Z:a, b,C)

k=0

3
I
o

WI J. J. M(“XU ﬂ+%j 7”’V’WJO(2\/E)JO(2 pv)dudvdw

b
8.4
C e G Cu) o
2 Z m! k! Y (x y,z;a b, )
m=0 k=0
=Wf LI B*”(1+Xu >;V+%j e 3,2 )3, (2w ) du dv dw
8.
e & (A (w) Y
Z z Yrga,m—n,k—n) (X, y,Z:4, b, C)

0 ko0 m' k!

F(a+1n+1) I(;O Igo J(;O umn(“? %/JFZ;NJ R JO(Z\/W)JO(Z pw)dudvdw

3
I

(8.6)
(_1)m+k x2m “-Zk Yr£2m—n,2k—n,y) (X, y,Z:a, b, C)

M
M

i
o
=
Il

o

-t j;o jgo Igo Y+n(1+ R {)V ZWJ e " V™" cos Au cos puv du dv dw

I(y+n+1) c
8.7)
i i (_1)m+k }\‘Zm sz YrEZm—n,B,Zk—n) (X., y,zZ;a, b, C)
m=0 k=0
_ ﬁ‘*” ~ ﬂ ﬂ —U-v-w
(B+n+1 I I I (1+ bt g j e cosAu cos pw du dv dw
(8.8)

(_l)m+k }\‘2m },I.zk Yrgoc,Zm—n,Zk—n) (X, y,Z:4, b, C)

M
M

i
o
=
Il

o

F(a+—n+1 j I j am(“xu yv+zw) e ™™ cosAv cos uw du dv dw

a b c
(8.9)
i i (_1)m+k 7\‘2m+1 HZK Yé2m+l—n,2k—n,y) (X, y,Z;a, b, C)
m=0 k=0
I T N O ey GV VIV L") L
_F(y+n+1)L I IO w [1+a+b+ Cje sin Au cos puv du dv dw
(8.10)

(_1)m+k H2mt sz Yr$2m+1—n,13, 2k-n) (X, Y,Z;3a, b, C)

[Ms
[Ms

3
]
=}
x~
Il

0
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—; p+n ﬂ ZW ) uvew
“TEen+D) jo Io jo v (1+ =+ + cj e sin Au cos pw du dv dw
(8.11)
i i (_1)m+k x2m+l Mzk Yrga,2m+l—n,2k—n) (X, y,Z:4a, b, C)
m=0 k=0
1 00 (0O OO Xu yv zw _U—v— .
“FaansD) IO Io IO u‘””(1+ - FJFTJ e ™Y™Y sin Avcos pw du dv dw
(8.12)
i i (_1)m+k 7\‘2m lJ2k+l YrS?_m—n,Zk+l—n,y) (X, y,Z;a, b, C)
m=0 k=0
P — Y+n ~ ﬂ W —u-v-w -
_F(y+n+l I I j (1+ PR j e cosAusin puv du dv dw
(8.13)
i i (_l)m+k XZm M2k+l YrSZm—n,ﬁ,ZkJrl—n) (X, y,Z:4, b, C)
m=0 k=0
=— Vi ﬂ ﬂ —u-v-w .
rB+n+1) I _[ I (1+ . + i j e cos Au sin pw du dv dw
(8.14)
i i (_1)m+k kzm H2k+l Yrga,zm—n,zkﬂ—n) (X, y,Z:4, b, C)
m=0 k=0
R S S N ey GV VIV <V A .
_F(a+n+l) L L _L u (1+ N + b + . j e cos Avsin uw du dv dw
(8.15)
i i (_1)m+k K2m+1 M2k+l Yr£2m+l—n,2k+l—n,y) (X, y,Z:3, b, C)
m=0 k=0
_ 1 oo o (XU YV ZWY L
TThan+l J. I L w [1+a+b+ Cje sin Au sin pv du dv dw
(8.16)
i i (_1)m+k 7\‘2m+1 le2k+1 Yr£2m+l—n,[3,2k+1—n) (X, y,Z:3, b, C)
m=0 k=0
[ B+n Xu yV Zw —U-V-W o; .
= (B+n+1 _[ _[ I (1+ b e j e sin Ausin uw du dv dw
(8.17)
i i (_l)m+k K2m+l H2k+1 YrSa,2m+1—n,2k+1—n) (X, y,Z:a, b, C)
m=0 k=0
o LYV WY :
Mo+n+1) I f I [ b e J e sin Avsin pw du dv dw
(8.18)

]
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IX. Triple Generating Functions
The following triple generating functions can easily be obtained by using (3.1):

o0

S 3 S (A ) () YO (¢ y zia b o)

m=0 k=0 j=0

T+ x)(1ju)(1+ n) Yo"ty zia@ea) bLep) cLm) 1)

i i i ()" (_H-)k_F_n)j YrEm—n,k—n,j—n) (x y,z:a b,c)

S R X o N Ny NNy PRV VR
(

_1)m+k+j 22m “Zk an Y(Zm—n,Zk—n,Z}n) (X, Y,Z;a, b, C)

n

m=0 k=0 j=0
Z_Lw J:O J:O (1+%+y—bv+¥j e '™ cosAu cospuv cosnw dudvdw (9.3)
i i i (_1)m+k+i 2L | 2kl nzm Yr52m+l—n,?_k+1—n,2}+1—n) (X, y,Z:4a, b,C)

_ 00 00 00 & ﬂ ﬂ n v s ) .
—L L IO (1+ T . j e sin Au sin uv sinmw du dv dw (9.4)
i i i (_1)m+k+i ) 2ml M2k+1 TIZJ Y,E 2m+1-n, 2k+1-n, 2j-n) (X, y,z:a,b, C)
m=0 k=0 j=0

S, xu  yv zw)' v )
_L _[0 L (1+?+F+Tj e sin Au sin uv cosnw du dv dw (9.5)
Z Z z (_1)m+k+j )2m MZk T]zj+1 Y£2m—n,2k—n,2j+l—n) (X, y,Z:a, b, C)
m=0 k=0 j=0
:J‘w Iw r (1+&+ﬂ+ﬂj e "™ cosiu cospv sinnw du dvdw (9.6)

0 0 0 a b I

X. Bessel Polynomials Of M-Variables

The Bessel polynomials of m-variables Yrgal’az"""o‘m) (x1 VXo ===, X 81,85 ,-=--, am) can

be defined as follows:
aq,0p,----, 0 .
Yr(| 1 2 m)(X11X2|___-1Xm 1a1’a2’----lam)

m
non-r n-p-, O (_ n)r1+r2+f——+rm H (ai +n +1)j m X.
22 2 2 — I1 (——'J (10.1)
n=0 r,=0 ;=0 f,=0 H ri 1 i=0 a

i=0
All the results of this paper can be extended for this m-variable Bessel polynomials. The only
hinderance in their study is the representation of results in hypergeometric functions of m-variables.
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