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ABSTRACT: In this article, 1 — jection has been introduced which is a generalization of trijection
operator as introduced in P.Chandra’s Ph. D. thesis titled “Investigation into the theory of operators
and linear spaces” (Patna University,1977). We obtain relation between ranges and null spaces of two
given 1 — jections under suitable conditions.
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I. Introduction
Dr. P. Chandra has defined a trijection operator in his Ph.D. thesis titled “ Investigation into the
theory of operators and linear spaces”. [1]. A projection operator E on a linear space X is defined as E? = E
as given in Dunford and Schwartz [2] , p .37 and Rudin, [3] p.126. In analogue to this, E is a trijection operator
if E3 =E. It is a generalization of projection operator in the sense that every projection is a trijection but a
trijection is not necessarily a projection.

I1. Definition
Let X be a linear space and E be a linear operator on X. We call Ea A — jection if
E3 + AE? = (1 + A)E, A being a scalar. Thus if A = 0
VE3=FE i.e.E is a trijection. We see that E? = E = E3 = F and above condition is satisfied. Thus a
projection is also a 1 — jection.

I11. Main Results
3.1 We first investigate the case when an expression of the form aE? + bE is a projection where E is a
A — jection . For this we need
(aE? + bE)? = aE? + bE .
= Q2E* 4+ D2E2 4 2abE3 = QE% + DE oo (1)
From definition of A — jection ,
E3 =1+ A)E — AE?
soE*=E.E®=(1+AN)E?-AE?
=1+ AE? -2+ AE - AE?}
=1 +A+2)E2 - A1+ DE
We put these values in (1) and after simplifying
{a’(14+ 1) + b? — a — A(2ab — a?})}E?
+{(2ab — a?2)(1+ 1) —b}E =0
Equating Coefficients of E & E? to be 0, we get
A+ D2 —a—22aD =A%) = 0 oo )
(2ab — AP) (L H 1) = D = 0 oo )
Adding (2) and (3), We get
Qab—a*?2)A+2A-D+a*(1+A)+b*—a—-b=0
=2ab—a*A+a*+a’A+b>—a—-b=0
>a’+2ab+b*>*—(a+b)=0
=>(a+b)?—(a+b)=0
=>(a+b)(a+b—-1)=0
>Either (a+b)=0 or (a+b)=1
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So for projection, the above two cases will be considered

Case (1):let(a+b)=1 thenb=1-—a

Putting the value of b =1 -ain equation (2) , we get
a?(1+2+2))-2ad—-a)l—a+(1—-a)’=0

2>a?(A?+31+2)—aB+2)+1=0

>a2A+1DA+2)—a(@+1+2142)+1=0

= [a(A + 1)-1] [a(A + 2) — 1]=0

=>a= ! or !
T+ A+2
A+1

Thenb——o —

A+1 A+2
Hence corresponding projections are
E? A+1E
A+1 + /1+1 d A+2 + A+2

Case (2) -Let a+b=0orb=—a
So from Equation (2)

a?(1+D)+a?—a—-A-2a?>—-a’2}=0
= a?[A>+31+2]—a=0
salal+1)A+2)—-1]=0

1
=2 a=nog (Assuming a # 0)
-1
Therefore, b= m
Hence the corresponding projection is
E%-E
A+1)(A+2)
Soin aII We get three projections. Call them A, B & C.
_ (1+/1)E _ E*-E
.e. A= 2 +2 B= A+1(A+2)
andC=——+22
T o142 14

3.2 Relation between A, B, & C.

_ E*  (A+A)E E? E
AB= o+ G+DA+2)  A+DG+2)
_ E2Q41)+(A+1)?E+E®—E
- A+1)(A+2)

_ E2Q42)+A(A+2)E
T +D@+2)
_ E’42E
T+
E? AE

= —_— —_—=C

A+ A1
Hence (A+ B)? =C? > A*> + B>+ 2AB = C*
=>A+B+2AB=C

= 24B = 0(Since A+ B = ()

> AB =0
Letu=/1+1
2_
ThenA— +—B=E E andc =5 4 &DE
u+1 p+1) u

_ B wE B2 B
Also A — Mﬁ n+1 + u+l o+l + u+1

__ME4E _ (u+1E

- n+1 - u+1 -

Thus E = A — uB.
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3.3 0n ranges and null spaces of 4 — jection

We show that

Ry =R, and Ny = N,

Where Rj stands for range of operator E and N for Null Space of E and similar notations for other operators.
Let x € Ry thenx = Ez for some z in X.

Therefore,

_DE+E2Es
Cx = CEz = WDEET )z ”i +E)E

 {w-1E?+E3} 2z

- 0

_ {w-DE*+pE-(u-1DE?} Z

- 0

= (E)Z =Ez=x

u

Thus Cx =x = x €ER,
Therefore Ry € R,

(Since E3 = (1 + )E — AE?)

2 p—
Again if x € R; thenx = Cx = (E+(Z—1)E)x

- e,
Hence R, € Rg

Therefore R; = R,
Now,ze Ny > Ez=0

N (EZ+(Z—1)E)Z -0

=(z=0
=Zz€ N,
Therefore, Ny S N,

2 _
Also if z€ Np= Cz=0= (“(Z—“E)z: 0
E2+(u-1E\ _ _
SE (T)z =0

N (E3+(;L—1)Ez) 2=0

E
=>(“7)Z=0=EZ=O =z € Ny
Thus N, € Ng,

Therefore , Ny = N,

Now we show that

R,=1{z:Ez=z}and Ry = {z: Ez = —uz}
Since A is a Projection ,

Ry={z:Az =z}

Letz € R,. Then Ez=EAz=E (

E3+uE?
ik
u+1
_ (E3+(u—1)E2+E2 ) 2
- u+l

_ (HE+E?
_( u+1 )Z
=Az=z
Thus Ry € {z: Ez = z}
Conversely, Let Ez = zthen E?z = z
2
SOAZ=(E +uE)Z=Z+i=Z=>ZERA
n+1 u+1
|
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Hence {z:Ez = z} S R,
Therefore, Ry = {z: Ez = z}
Next we show

Ry ={z:Ez = —uz}

Since B is a Projection,

Ry ={z:Bz =1z}

Let Ez = —uz then E?z = yz
Hence ( E%-E ) :uzz+uz _p(ptl) _

u(u+1) L) T (D)
i.e. Bz =z (since B = Bk )
e N Tt

= Z € Ry
Therefore ,{z:Ez = —uz} € Ry
Conversely, let z € Rz.Then Bz = z

2_
Hence Ez = EBz =E (:Zuj))z

E3_p2
- ((+1))Z
But B3 — E2 = uE — (u — 1)E2 — E?
= uE — pE® = u(E — E?)

S0 Ez = [,l(E—Ez)Z — —u(Ez—E)Z
p(u+1) p(ut+1)
=—uBz = —uz

SoRp € {z:Ez = —uz}

Therefore Ry = {z: Ez = —uz}

Now we show that R, N Rg = {0}

Let z€E R, NRy

Thenz € Ry and z € Ry

IfzeR,thenEz =z

Ifz€ Ry thenEz = —uz

ThusEz =z = —uz

Suz+z=0=>W+1)z=0=>z=0(sincepu+1+0)

Therefore , R, N Ry = {0}

Theorem (1): If E; , E, are commuting A — juction on a linear space X such that R, = Rg, and Ry, = R, ,

then

E, = ‘7151252 E, =_71E1E22 and C, = C,

Proof : Given Ry, € Rp,

Letz € X,then A,z € Ry, > AyZ € Ry, > E»(A12) = —ul z

Since z is arbitrary, So E,A; = —uA;,

Again, given that Rp, S Ry, .

Now B,z € Rg, = B,z€ Ry, = E B,z =B,z

Since z is arbitrary , E;B, = B,

Hence we have E,A; = —uA, and E;B, = B,

Similarly, Ry, = Rg, = E;A; = —uA, and E;B, = B;

Thus E,A; == —uA, and E,B; = B;

Hence E; (A, — uBy) = —ud; — uBy=—u(4; + By) = —uCy

= E,E; = —uC; or E;E, = —uC, (Since E;, E,Commute)

Also E;A, = —uA, and E;B, = B,

Therefore E; (A, — uB,) = —uA, — uB, = —uC,

= E1E; = —pCy =—uCy
__________________________________________________________________________________________________________________________________|
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= Cl = CZ
Also —~EZE, = — Ey (E, Ey) = — Ey (—uCy) = £ Cy = Ey

-1 -1 -1
And n E\E} = 7(E1E2)E2 = 7(—MC2)E2 = GE=E,

Theorem (2): if E; and E, are two commuting A — juctions on a linear space X (with A4 # 0) such that
Ry, = Ng, and Ry, = Ng,, then

E?E, =E,E? and E, — E, = E? — E?
Proof : Letz € X then A1z € Ry, € Np,
= A,z € Ng, = E,(4,2) = 0,Vz
= E,A; =0
E,(I -Gz = (E; —E; Gz = (E; —Ey)z=0
> —-C)z€Ng, S Ry, =>A(I-C)z=(U—-Cy)zVz
>A4,(I-C)=1-C,2A4,-A4,C,=1—C,...(1)
Similarly Ry, = Ng, ,So interchanging suf fixes 1 and 2,
EiA,=0and A, —A,C,=1—-C; ....... 2)
Now E,A; — E;A;, =0

E}+uEq E3+uE;
= B, (FLHE) (B =
u+1 u+1

= E,E? 4+ uE,E, — (E,E? + uE,E,) =0

Since E, E, commute , E?E, + uE,E, — EJE? — uE;E, = 0
= E!E, — E\E? = 0 = E?E, = E, E}

Now subtracting equation (2) from (1), we get

A]_ - Az - (A]_Cz _A2C1) = C1 - CZ ............... (3)
_ _ (Ef4uEr\ (E3+@—DE;\  (E3+uEp) (Ef+(@u-1)E
But AlCZ A2C1 - ( u+1 ) ( u ) ( u+1 ) ( u )

EfE} + (u— 1)EPE, + pE Ef + u(u — 1)EE, — {EFEf + (u — DEZE,
+UEEY + p(u — DE,E }
p(u+1)
E}EZ+(u—1)E?Ey+uE1E3+u(u—1)E1 Ey—E3 EZ +(u—1)EZEq
—UE2Ef—p(u—1)ExEq

p(u+1)
_ (W= DEFE, + pE B} — (u — DEJE, — uE,E¢
pp+1)

= 0 (Since E, ,E, are commuting A — jections and E?E, = E1EZ) ... .ccccoovivieeiinn.. .. @)
Hence from (3) and (4), we have
Al_Azzcl_CZ ............................ (5)

Ef+uBy  Ef+pBy _ Ef+(u-1DE;  E3+(u-1)E

p+1 ptl U u
_ EE-ED+u(E1—Fy) _ ER-B3+(u-1)(F1Fp)
p+1 U

= u(Ef — E3) + p*(Ey — Ep) = (u+ 1(Ef —ED) + (12 — 1) (E; — Ey)

= (W — @ + )(Ey — E) =(u + 1 — p)(Ef — E$)

= E, — E, = E2 — E2

Theorem (3): If E4, E, are two commuting A — jections on a

linear Space X s.t. Ry, = Ng, and Rg, = Ng, then

E\E? = E}E, and uE, + E? = uE, + E2

Proof : Letz € X,then Bz € Rp, € Ng,

= E,Bjz=0,Y¥z = E,B, =0

Also (I — C;)z € Ng, € Rp, = E;(I — C)z = —u(l — C3)z,Vz
-
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SEU-C)=—u(l—C) 2 E; —E1Co=—ul +UCy ..o oo, (D)
Siamiliarly Rp, = Npg,
= EIBZ = O’EZ - E2C1 = _,U.I + :u'Cl ............................................................... (2)

Now , E;B, = 0= E,B; = E; (

E%—El) _ EEP-E;E;

p+D)) — pu+d)

Hence E,E? = E,E,

Since E1, E, commute, We haVe EPE, = E1 By ooviiniiie e, (3
Similarly, E;By = 0= E{EZ = E1E) oo et e e eet eet et e et et ean een een e aa enn enn snn e e e an (D)
Hence from equations (3) and (4)

E1E2 = E2Ey (S ELE)) oo (5)

Subtracting , equations (2) from (1) we have
Ey — E; — (E,C; — E;G) = u(C; — Cy)

20 (1 2.0
ButE,C, — E,C;, = E; (Eer(P;—DEZ) _E, (51 +u 1)51)

S0 Ey — E, =H(C2—C1)=H{

u
_ E1E3—E2E} + (u—1)(E1E2—E2E1) -0
u
(using equation (5) and using the fact that E;, E, commute)
Ef +(u-1E; E1z+(u—1)52}
u

=Ej + (u—1DE, —Ef — (u— DE,
=Ej —Ef +(u—-1)(E, - Ey)

= u(E; — E;) = Ef — E}

= uE, + E} = uE, + E? Proved

Theorem (4): If Eyjand E, are two commuting A — jections on a linear space X s.t.Ng, = Rg, and Ng, =
Rg, then E\E, = 0 and

wl —(u—1)(E +E) = E12 +E22

Proof : Letz e X then E,z € Ry, S N,
>EEz=0=EF =0 = EE =0
Now (I — C3)z € Ng, € R, = (I — Cy)z € R,
=>CU—-Clz=U—-C)z;VzeX
=>C—CGC,=1-C,

But €, C,

_ (u-1)E;+E? % (u—1)Ey+E3

u

_ (u—1)2E1Ex+(u—1)E1Ef + (u—1)Ef E, +E ES

2 =0 (Since E,E, =0)

Therfore, C;,=1—C,=>C+C, =1

—1)E{+E}
z(ﬂ )E1+ET

W-DE+EE _

=>Wu—D(E +E)+EE+E2=ul
= ul — (u— 1)(E; + E,) = E? + EZ Proved

[1].
[2].
[3].
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