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I. INTRODUCTION 
Most of the scientific problems in fluid mechanics are modeled by nonlinear differential equations. It is 

well known that exact solutions of these nonlinear boundary value problems are difficult to obtain when non-

Newtonian fluids are taken into account. Therefore, numerical and analytical methods are used to handle these 

type of problems. However, the numerical methods are comparatively tedious and difficult due to their stability 

and convergence problems. In the recent decade, many different analytic methods have been introduced to solve 

the nonlinear problems, such as the homotopy analysis method (HAM) [1], the variational iteration method 

(VIM) [7-12], the new homotopy perturbation method (NHPM) [13,14], and the Adomian decomposition 

method (ADM) [15-20]. A great deal of comparison of various analytical techniques with numerical works has 

been done (Table 1). 

In this study, we have applied VIM, NHPM and ADM to find the approximate solutions to the problem 

of the nonlinear vibrations of single walled carbon nanotubes embedded in an elastic medium. Very recently, 

Siddiqui and Farooq [2] have provided a comparison of variational iteration and Adomian decomposition 

methods in solving nonlinear thin film flow problems. These methods generate the solution in convergent series 

with components that are elegantly computed. Furthermore, these analytic methods avoid the complexities 

provided by other pure numerical methods [3, 4 ,5]. The results reveal that the proposed analytical methods 

provide an effective mathematical tool to handle a large class of linear and nonlinear differential equations in 

engineering and chemical sciences. 

 

Nomenclature and Units: 
Symbols Name Unit Experimental values 

][  Nonlinear free vibration 

Frequency 
1cm  18

1cm  

22
][ klb www 

 

linear vibration frequency THz  0.138THz  

Akwk /][ 
 

Dimensionless None None 

AEIlwl  //][ 22
 

Dimensionless None None 

][k
 

Spring constant 2/ mN  
27 /10 mN  

][X
 

Dimensionless vibration 
amplitude 

None None 

[ ]
 

Dimensionless None 0.25 

t ][  dimensionless time None None 

rWx /][   Dimensionless vibration of 
SWNT 

None None 
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][  Density 3/ mkg  
33 /10*3.1 mkg  

][ A  Cross sectional area 2)(nm  2.7759
2)(nm  

][E  Young modulus TPa  TPa1.1  

][I  Cross sectional interia 
moment 

TPa  TPaTPa 58.132.1 

 

][W  Vibration of SWNT nm  nm94.0  

AIr /][   
Dimensionless  nm  nm94.0  

][t  Time  s  None 

][l  Length of SWNT nm  nm45  

 

II. Mathematical Formulation of The Problem 
Consider the SWNT of length l, Young’s modulus E, density  , cross-sectional area A, and cross-

sectional inertia moment I, embedded in an elastic medium with material constant k. The nonlinear vibration 

equation for these carbon nanotubes (CNT) is in the following form [1]: 
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Using the following dimensionless variables 
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the equation (1) can be transformed to the following dimensionless nonlinear vibration equation. 
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(4)  

in which 25.0 and ,
22

klb www   is the linear free vibration frequency. 

The initial and boundary conditions are 

x(0) = X,  0)0( x                                                                                                                                                 (5) 

 

2.1 Solution by Variational Iteration Method 

To illustrate the basic idea of He’s variational iteration method [7-9], we consider the following 

nonlinear functional equation: 

)()()(  gNxLx                                                                                                                                    (6) 

where )(Lx  is a linear operator, )(Nx  a nonlinear operator and )(g  an inhomogeneous term. Inokuti et 

al.[6] suggested a method of general Lagrange multiplier . Then, we can construct a correct functional as 

follows: 

  ,)()(~)()()()(
0

1 dssgxNLxsxx nnnn  



                                                                     (7) 

where )(s  is a Lagrange multiplier that can be identified optimally via the variational theory [7-9]. The 

subscript n denotes the nth approximation, and )(nx is considered to be restricted variation, that is, 0)(~  nx . 

In this method the Lagrange multiplier )(s  is first determined optimally. The successive 

approximation ,0),(1  nxn   of the solution )(x can be readily obtained by using this determined Lagrange 

multiplier with any selective function )(0 x . Consequently, the solution is given by ).(lim)(  n
n

xx




 

For the 

convergence criteria and error estimates of the VIM we refer the reader to [7-12]. According to the variational 

iteration method, we can construct correction functional of Eqn.(3) as follows: 

dssbxsaxsxsxx nnnnn ))()()(()(
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With 

 

,)(   ss
 
we start with the initial guess Xx )(0   

in the above iteration formula and obtain the 

following approximate solutions: 

Xx )(0                                                                                                                                         
(9) 
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By considering the three iteration, we get 

)()( 2  xx                                                                                                                                                           (12)      

                                           

2.2 Solution by new homotopy perturbation method 

Perturbation method depends on small parameter and chooses unsuitable small parameter can be lead to 

wrong solution. Homotopy is an important part of topology [13, 14] and it can convert any non-linear problem 

in to a finite linear problems and it doesn’t depend on small parameter [13,14].  For introducing the homotopy 

perturbation method, we consider to nonlinear problem with boundary condition in the following form: 
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where A is a general differential operator, B is a boundary operator, )(f is a known analytic function and   is 

the boundary of the domain   . The operator A can be divided into two operators  L and N , where L and N are 

linear and non-linear operators sequentially. So, we can write Eqn. (13) as the following form: 

0)()()(  fxNxL                                                                               (14) 

Homotopy perturbation ),( pvH may be written as follows: 

RH  ]1,0[:                                                     (15) 

,0)()1()(),( 0  xNpvNpvH                                                   (16) 

where embedding parameter
 

vp ,],1,0[   is an approximation of 0, xx is an initial approximation of x . 

Now we introduce a new NHPM: 

,0)()1()(),( 0  uNpvNpvH                                                                                           (17) 

In other words we assume only non-linear operator and ]1,0[p . 

The normalized nonlinear vibration Eqn. (3) defines the initial value problem. The new homotopy 

perturbation method  is used to give the approximate solutions of the non-linear Eqn.(3).  To find the solution of 

Eqn. (3), we construct the Homotopy as follows: 
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The approximate analytical solution of Eqn. (3) is 
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2

10  xppxxx                                                                                                                                         (19) 

Substituting Eqn.(19) in Eqn.(18) and comparing the coefficients of like powers of p in Eqn.(18) we get, 
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The initial and boundary approximations are as follows: 

0)0(,)0(  xXx  ,                                                                                                                                             (22) 

0)0(,0)0( 11  xx                                                                   (23) 

Solving the Eqn. (20) using the initial condition Eqn. (22), we obtain the following result: 
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Since more number of terms in )(1 x when solving the Eqn.(21), we considering the first iteration alone. Hence 

we get,  

)()( 0  xx                                         (25)

    

2.3 Solution by Adomian Decomposition Method 

A detailed description of the Adomian decomposition method is given in [15-20]. Here, we convey 

only the basic steps as a reminder. Writing Eqn.(3) in operator  form, we obtain 

),()()()(  gNxRxLx                                                                                                                               (26) 

where L is the highest order derivative which is assumed to be easily invertible. That is, 

3)(,0)(,)( bxaxNxRx
d

dx
Lx  


 represents the nonlinear term and 0)( xg is the source term. According 

to the Adomian method the solution )(x can be expanded into an infinite series 
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where the components )(nx are usually determined recursively. The nonlinear term )(Nx can be decomposed 

into infinite polynomials given by 
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where nA  are the so-called Adomian polynomials of nxxxx ,...,,, 210 defined by 
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or equivalently,  

),( 00 xNA 
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It is well known that these polynomials can be constructed for all classes of nonlinearity according to 

algorithm set by Adomian [15-20]. The general algorithm of the decomposition method for the nonlinear system 

(3), yields the recurrence relation, 

Ax )(0                                                                                                                         
                               (32) 

,...2,1,0),()( 1

1  

 nALx nn                                                                                                                              (33) 

 

where A is a constant of integration and can be found from the boundary condition (5). The first few 

terms of the Adomian polynomials ,0, nAn  for this problem are given by: 
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From these above results, we obtain the following components: 

Xx )(0  ,                                                       (36) 
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By considering the three iteration,we get, 

)()()()( 210  xxxx 
                                                               

(39) 

 

III. 

III. ANALYTICAL EXPRESSION OF NONLINEAR VIBRATION

 
 

The dimensionless non linear Eqn. (3) defines the initial value problem. The variational iteration 

method [7-12], new homotopy perturbation method [13-14], and Adomian decomposition method [15-20], are 

used to give the approximate solutions of the non-linear Eqn. (3). Using these three methods, we can obtain the 

analytical expressions of vibration. Using VIM the analytical expression of vibration can be obtained as,  
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The analytical expression of vibration using NHPM is, 

)cos()()(  aX
a

b

a

b
x 




                                                  

(41) 

The analytical expression of vibration using ADM is, 
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IV. NUMERICAL SIMULATION 
The non-linear differential equation (3) for the given initial – boundary conditions is being solved 

numerically. The function pdex, in two dimensional differential equation solver and Grapher V 1.0 software 

which is a function of solving the initial – boundary value problems for non-linear ordinary differential 

equations is used to solve this equation. The analytical expressions of vibration rWx /)(   are compared with 

simulation results for various time and kinetic parameters in the Tables (1-9). Satisfactory agreement is noted. 

 

V. DISCUSSION AND CONCLUSIONS 
Eqns. (40-42) are the new and simple analytical expressions of dimensionless vibration of SWNT for 

all values of parameter.  The variation of   vibration of SWNT with respect to dimensionless time for various 

values of parameter is represented in Figs. 1-4. From the figures it is observed that the dimensionless vibration 

of SWNT decreases absurdly from its initial value for all values of parameter .and ba  In this study, we have 

illustrated how VIM, NHPM and ADM can be employed to obtain the approximate analytical solutions of a 

nonlinear initial value problem in single walled carbon nanotubes. It is concluded that this methods are very 

powerful and efficient techniques for solving different kinds of nonlinear problems arising in various fields of 

science and engineering. In all the methods, the error percentage is less than 4.66. However the in some places 

error percentage in one method is higher than other two methods because of initial conditions and the 

coefficients in the nonlinear differential equations. 

Also VIM requires the evaluation of the Lagrangian multiplier  , where as ADM requires the 

evaluation of the Adomian polynomials that mostly require tedious algebraic calculations. ADM requires the use 

of Adomian polynomials for nonlinear terms, and this need more work. Three iterations are used to get the 

analytical results by using ADM and VIM. But using NHPM the obtained analytical result is in one iteration. 

Therefore the accuracy of the methods is not only depends upon the iteration, it also depends upon the parameter 

involved in the differential equations and the initial/boundary conditions of the given problems.  

 

 
Fig.1. Plot of dimensionless vibration )(x  

versus dimensionless time   for various values of the 

parameter, b,a and initial values X=0.5 and X=0.8 using Eqns. (40-42). 
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Fig. 2. Plot of dimensionless vibration  )(x  

versus dimensionless time   for various values of the parameter, 

b,a and initial value X=1 using Eqns. (40-42). 

 

 
Fig. 3. Plot of  dimensionless vibration  )(x  

versus dimensionless time   for various value of the 

parameter, b,a and initial value X=1 using Eqns. (40-42). 

 

 
Fig. 4. Plot of  dimensionless vibration )(x

 
versus dimensionless time   for various value of the parameter, 

b,a and initial value X=1 using Eqns. (40-42). 
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Table 1. Recent contributions to the theoretical modeling of the comparison of analytical and Numerical 

solutions of two or three methods. 
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            Table 2: Comparison of various analytical results with numerical results for vibration )(x  
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Table 3: Comparison of various analytical results with numerical results for vibration )(x  

 
 

Table 4: Comparison of various analytical results with numerical results for vibration )(x  
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Table 6: Comparison of various analytical results with numerical results for vibration )(x  

 
              

 

Table 7: Comparison of various analytical results with numerical results for vibration )(x  

 
 

Table 8: Comparison of various analytical results with numerical results for vibration )(x  
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               Table 9: Comparison of various analytical results with numerical results for vibration )(x  

 
               Table 10: Comparison of various analytical results with numerical results for vibration )(x  
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