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I. INTRODUCTION 

The electric power industry, which is the foundation of the national economy industry, is an important 

guarantee of economic development and social progress in modern society
[1]

. 

In recent years, sustained economic growth and electricity consumption increases year by year in 

China, the power shortage problem also gradually revealed
[2]

. It is extremely significant to develop Electricity 

energy storage technology to ensure the supply of electrical energy balance and solve the problem of power 

shortage. Energy storage refers to the process of storing energy through some equipment or medium and 

releasing it when needed
[3]

. The development of its technology, which can not only solve the problems of the 

energy large-scale access and the conventional electric power peeling and valley filling, but also improve the 

efficiency of conventional electric power generation and transmission, can effectively reduce emissions and ease 

environmental problem so that we can implement chemical clean efficient use of energy. At the same time, the 

development of energy storage technology, can effectively improve development speed of renewable energy 

power generation that restricted of its own volatility, intermittent and randomness
[4]

 to reduce coal proportion 

and achieve the large scale development of renewable energy. Therefore, energy storage has been listed in 

hundreds of major projects of ―the 13th Five-Year Plan‖, also is the first official into national development 

planning. 

At present, the energy storage technology is divided into physical form and the chemical form 

according to working principle. Physical energy storage contains mechanical energy storage and the 

electromagnetic field energy storage
[5]

. For example, pumping energy storage
[6]

, the compressed air energy 

storage
[7]

, the flywheel energy storage
[8]

, superconducting coil storage
[9]

, the super capacitor energy storage
[10]

, 

the pulse energy storage
[11]

 are involved in physical energy storage. Chemical energy storage technology mainly 

contain: the battery energy storage
[12]

, hydrogen storage
[13]

, fuel cells
[14]

, etc. The continuous improvement of the 

existing energy storage technology and research of new energy storage technology have become the urgent need 

of the present social production. Accordingly, it is very meaningful in in theory and practice to research energy 

storage model of dynamics. Based on the literature [15], which proposed a kind of mechanical elastic energy 

storage unit and analysed its stability and chaos, Hopf bifurcation parameter conditions and types for the system 

are investigated and the results of theoretical analysis are verified with the Runge-Kutta method in this paper. 

 

II. DYNAMIC MODEL OF MESS UNIT IN ENERGY STORAGE PROCESS 

Permanent magnet motor running in motor state in storage process, while the mathematical model for the 

synchronous ,d q  rotation axis
[15]
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where di , qi  represents the stator current on d , q  rotation axis, r  represents  angular velocity of rotor 

machinery, dL , qL  represents inductor of stator winding resistance d , q  axis. sR  represents stator winding 

resistance, r  represents flux linkage produced by rotor permanent magnet, np  represents polar numbers,   

represents Viscous damping coefficient, LT  represents load torque . 

With affine transformation
[16] x x   and time scale transformation

[17] t t  , assuming that the air gap of 

permanent magnet synchronous motor is uniform, equation (1) can be transformed into a dimensionless equation 

of state
[18]
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III. STABILITY AND BIFURCATION ANALYSIS 

We discuss the equilibrium point of system (2) and Hopf bifurcation respectively. 

Case 1 : 0q d Lu u T     

A. Stability analysis 

When 1  , (0,0,0) , ( 1, 1, 1)        , ( 1, 1, 1)          are equilibrium 

points. 
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With Routh–Hurwitz criterion, equilibrium point is stable if and only if the following conditions are satisfied: 
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B. Hopf bifurcation analysis 

According to the Hopf bifurcation theorem
[19]

, Hopf bifurcation may appear when the system has a pair of 

complex eigenvalues which satisfies the following conditions: 
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Re( ) 0, Im( ) 0, Re( ) 0.
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0

  is the critical value of   for Hopf bifurcation. 

Obviously, Hopf bifurcation can not appear at zero point because of no eigenvalue such as ( 0)i     . 

Letting 1,2 i   , we obtain 

3 2 2

2

(2 ) ( 2

1) ( 1) 0

d r

q r r d

i i

i i i

      

    

      

      

 

  
 

Parameters must satisfy 

2

2

2

2

(2 ) 0

( 2 1) 0

( 1) 0

(2 )( 2 1)

( 1)

d r

q r r d

d r

q r r d

i

i i

i

i i



   

   

    

   

  


    


    


    
    

 

  

 

  

 

When ( 4) / ( 2)h         , the eigenvalues of two nontrivial equilibrium points will be 

1 2,3

2 ( 1)
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Therefore, Hopf bifurcation may appear when ( 4) / ( 2)h         , and all of the equilibrium 

points will become unstable when h  . 

The following, we discuss the supercriticality or subercriticality of the Hopf bifurcation. Let 
nC  be a linear 

space defined in a complex domain C  with inner product, for 1 2( , , , )T

nx x x x  , 1 2( , , , )T

ny y y y  , 

especially , (1,2, , )i ix y C n  .
1

,
n

i ii
x y x y


 . 

Introduce norm ,x x y  and 
nC  is a Hilbert space. We discuss the following nonlinear system: 

( ), nx Ax F x x R    

where 
2

( ) ( )F x O x  is a smooth function, and it can be expanded into 

41 1
( ) ( , ) ( , , ) ( )

2 6
F x B x x C x x x O x    

in which ( , )B x x  and ( , , )C x x x  are bilinear and trilinear functions, respectively. 
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In equation (2), when the matrix J  has a pair of pure imaginary eigenvalues 1,2 i   ( 0)  , let 
nq C  

be a complex eigenvector corresponding to the eigenvalue 1 , we will obtain ,Jq i q Jq i q    .At the 

same time, we introduce the adjoint vector 
np C which satisfied ,T TJ p i p J p i p     and 

, 1p q  . 

Now, we introduce the following transformation 

, ,
eq eq eqd d d q q q r r rI i i I i i W              

then, the equilibrium point ( , , )
eq eq eqd q ri i     can be moved to the origin (0,0,0) . 

According to the first Lyapunov coefficient theorem
[20]
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When 
04, 16, 15, 15, 15d q ri i          , the Jacobian matrix of system (4) is: 
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The inverse matrix of the coefficient matrix is 
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That is 
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Therefore, the Hopf bifurcation is supercritical on the base of these parameters. 

The first Lyapunov coefficient of another extraordinary equilibrium point can also be obtained under this set of 

parameters in the same way: 1(0) 0.0944 0l    .Thus, the Hopf bifurcation is supercritical. 

The following cases can be discussed in the above method 

Csae 2 : 0, 0q L du T u     

When 1du   , the equilibrium points are  

(0,0,0),( 1, 1 , 1 ),d du u            

( 1, 1 , 1 )d du u             . 

Let 
0

4, 1, 15, 0, 15,d d qu i i          

15.r  The first Lyapunov coefficient of it is 1(0) 0.0224 0l    . Thus, the Hopf bifurcation is 

supercritical on the base of these parameters. 

The first Lyapunov coefficient of another extraordinary equilibrium point can also be obtained under this set of 

parameters: 1(0) 0.0944 0l    .Therefore, the Hopf bifurcation is supercritical. 

Case 3 : 0, 0, 0q L du T u     

This situation is the general situation of the unit storing up energy when the external power supply and the 

vortex spring are loaded. According to equation (3), we can determine the equilibrium point of the operation of 

the unit with numerical method 

If     2 22
  2 1 2yz x z           is got, the limit cycle will appear in (2) equation of the 

corresponding linearization on the base of case 1. If LT  is got, the system will run in chaos for appropriate du  

and qu . 
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IV. NUMERICAL SIMULATIONS 

Numerical results are obtained with Runge-Kutta method in the fllowing. 

Taking case 1  as an example, we let (0) 15, (0) 15, (0) 15.d q ri i       

（1）When 04, 13      , the image is shown below: 

 

Fig.1. The phase portrait for 04, 13      . 

 

Fig.2. Trajectories of ( )qi t  for 04, 13       

From the above picture, it can be seen that ( )di t , ( )qi t  and ( )r t  tend to (15, 15, 15)  finally with the 

increase of t . 

（2）When 04, 16.000001      , the image is shown below: 

 

Fig.3. The phase portrait for 04, 16.0       
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Fig.4. Trajectories of ( )di t  for 04, 16.0       

From the above picture, it can be seen that a periodic solution appears near the equilibrium point firstly , then 

( )di t ， ( )qi t  and ( )r t  do tend to closed orbit finally with the increase of t . 

In summary（1）（2）,the two cases are consistent with the theoretical analysis. 

 

V. CONCLUSION 
Nonlinear dynamic characteristics of storage process in energy storage unit are investigated with 

analytical and numerical methods in this paper. The stability for equilibrium points of the system in energy 

storage process is discussed. the conditions and the type of Hopf bifurcations for the system are investigated 

with Hopf bifurcation theorem and the first Lyapunov coefficient. Using the Runge-Kutta method, we obtain the 

numerical simulation of the system in energy storage process. 
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