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ABSTRACT
In this paper we introduced the Stokes equations with a
boundary condition of type (D+N).

The weak formulation obtained is a problem of
saddle point type. We have shown the existence and
uniqueness of the solution of this problem. We used the
discretization by mixed finite element method with a
posteriori error estimation of the computed solutions. In
order to evaluate the performance of the method, the
numerical results are compared with some previously
published works or with others coming from commercial
code like Adina system.

Keywords - Stokes Equations, Mixed Finite element
method, a posteriori error estimation, Adina system.

I. INTRODUCTION

In modeling flow in porous media, it is essential to use a
discretization method which satisfies the physics of the
problem, i.e. conserve mass locally and preserve continuity
of flux. The Raviart-Thomas Mixed Finite Element (MFE)
method of lowest order satisfies these properties. Moreover,
both the pressure and the velocity are approximated with the
same order of convergence [4, 6]. The discretization of the
velocity is based on the properties of Raviart-Thomas. Other
works have been introduced by Brezzi, Fortin, Marini,
Dougla and Robert [4, 5, 7].

This method was widely used for the prediction of

the behavior of fluid in the hydrocarbons tank.
A posteriori error analysis in problems related to fluid
dynamics is a subject that has received a lot of attention
during the last decades. In the conforming case there are
several ways to define error estimators by using the residual
equation. in particular, for the Stokes problem, M.
Ainsworth, J. Oden [9], R.E. Bank, B.D. Welfert [10], C.
Crestensen, S.A. Funken [11], D. Kay, D. Silvester [12] and
R. Verfurth [13], introduced several error estimators and
provided that that they are equivalent to the energy norm of
the errors. Other works for the stationary Navier-Stokes
problem have been introduced in [14, 17, 18, 20, 16].

This paper describes a numerical solution of Stokes
equations with a boundary condition noted (D+N). For the
equations, we offer a choice of tow-dimensional domains on
which the problem can be posed, along with boundary
conditions and other aspects of the problem, and a choice of
finite element discretization on a rectangular element mesh.
The plan of the paper is as follows. The model problem is
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described in sections Il, In Section IIlI, we prove the
existence and uniqueness of the solution of the weak
formulation obtained, followed by a mixed finite element
discretization for the Stokes equations in section IV. In
section V we consider a posteriori error bounds of the
computed solution, and numerical experiments are carried
out in section V1.

I1. GOVERNING EQUATIONS

We consider the Stokes equations for the flow;

-Vu+Vp=Ff in0 )
Vu =0 in N @)
- - , —  Bu = +

D+ NJ: byu + Pl np=t inl ?3)

1 is the fluid velocity, p is the pressure field. V is the
gradient, V. is the divergence and V* is the laplacien
operator, jT = [L: [:ﬂ:l]: . Q is a bounded and connected
domain of &* with a Lipchitz continuous boundary

' = 80. where 7 denote the outward pointing normal to
the boundary, and

te[L2(r)]?. byis afunction defined and bounded on
T verify:

Jdag = 0suchthat by = &y almost everywhere.  (4)

We define the spaces:

2100 = Loy U e |
) = jw: = Riu; o5 5 € L7 () ()
H() =[] (6)
R2(0) .Y du A C0) 1 l"]
) =qu: =Ry, —; el =12
et =qu /U o, 6x;-6x4.- A L] J (7)
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Then the standard weak formulation of the Stokes flow Proof. The mapping 5= H*(f1) — L* (T') is continuous

problem (1)-(2)-(3) s the following: (see the theorem 1.2 in [21]), then there exists

find (d,p) € H(0) % L (0) such that: ¢ = 0 such that:

-
2a

L

-
a

or = €ll¥llyq for allv € HY(Q)

t [Tt [ Uidy=[ ety d) = [ E¥ey+ ], fdl forall e H0)

- P Td=0 fordl qe IF(0) _

We have also: [V@llgn = [I7lly.a forall ¢ € HI(D),
(8) then

1050 = (193060° + 17lls")F = c2llFlla

Let the bilinear forms a: HX(01) = H1{0) — Rand
BHU M =I2(0) =R

-
a

forall v € HU(N),withc, = (c* +1)

(=R

a(v) = [,Vu:VWd+ [ byu.vdy )
. . _ On the other hand, there exists a constant
blu,q) = =] 4qV.u dd. (10) ! = 0 such that
Given the functional I: H1{01) = &, I1¥llg.a = I{IVElga + 1¥llgr ) for all v € H{(1)
e = - {see 5,55 in[1])
Hv)= | tvdy+ |, f.vdd, (11)
i.e.
The underlying weak formulation (8) may be restated as
—_ . P, o 12 .::.,'ff 10 o _|'._-_«I-3.,'2’ 77112 ol )= 2027
[ find (@p) € HX(Q) x I* () such that: 19135 = 1219700 + I17lor) "< 212(I95130 + 1513;) = 212051
alwv) +b(wg) =1{7) forallet HYO) _

Jpas . S We have also: [|V¥llgn = [I¥ orall v € HY{).
blu,g) =0 for all g€ L* () 17¢lloa = Itlla L -

(12) Then, c1[1Plly.0 = 19l ;o forall # € HX(Q), with
I1l. THE EXISTENCE AND UNIQUENESS OF THE 1 \,F
SOLUTION G = (:.'5—13 '
In this section we will show that the problem (12)
has exactly one solution (i.z} & &%) = L7 (). Proof of theorem 3.1. Q is a bounded and connected

domain of &Z, then it is easy to verify that (.. :JJr is a scalar

It suffices to verify that the bilinear form & is positive, g I:H1 L j i
. R _ . ; roduct, i.e. WL, [ 1l 7.2 ) is an Euclidean space.
continuous and H *{11) — elliptic, and the bilinear form & P s P

is contlnuoug and s?tlsfles the inf-sup condition (see We have [Hi o, . ||“_J is a real Hilbert, then it is
theorem 6.8 in [1]).

complete. By the lemma 3.2, Il [l1.2 and [|.[|;  are two
Theorem 3.1. H1(11) is a real Hilbert space, with norm equivalents norms, then { H1(0), ||. ||Jrﬂ:| is complete,
denoted by || || ;o , for the scalar product: therefore it is a real Hilbert space.
vy = [ VeWde+ [ uvdy R
tu - Ja¥t St L (13) Theorem 3.3. I} @ is continuous.
||1.l||-lrﬂ = {u;la}j, = [Vullgn + ||14|||:-.r_)‘. (14) i) a is HY{(0) — elliptic for the norm |[. ||, , i.e.
To prove this theorem we need the following lemma. there exists a constant & = 0 such that
Lemma 3.2. There are two strictly positive constants 1 and a(v,v) = allvllj, forall veHY(O) . (16)

7 such that:
Proof. i) a isa scalar product, by Cauchy-Schwarz

ja2cllvlg for allve HHO) . (15) inequality we have
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a(1,7) = (@) xa@ D)) = M ||l 0. 17110
forallu, v € HY() (17)

=
a

ii) Let v € H(1), using (4) then gives:

Fo =
a

(v,7) = I' ::"E"?.:'}: dn + fl'ril.:_::_?.:']:dv = al|?)|?

v|
Fa

With o = min{1; o).
Theorem 3.4. i) b is continuous.

if) b is satisfies the inf-sup: There exists a
constant 5 = 0 such that
fpavrda
inf gzgerFin) SUPo= e () gl oo 0 =y (18)
: o1 ll2ll 700
To prove this theorem we need the following lemmas:
Lemma 3.5.

V.: (HU), I 1l;0) = (220,01 lgn)
v V.U

is continuous linear mapping and R{V.) = L*{Q).

Proof. Itis clear that V. is a linear mapping. Remains to
chow that it is continuous and
R(V.) = L*{n).
We have: [|V.2llgn = V2I1V%llgn = V217l ;4 for all
v € H1(N),then V. is continuous

Letg £ L (£, then I,.,qn:li'?I
We set & = Iqqdﬂ,

then a—ﬁ_L () ={fe 1?(0); [ fdo =0},

with || is the area of Q.

Since L7 (1) is the range space of the linear mapping V. :

HE(0) — L3(0) (see lemma 6.8 in [1]), then there exists
[ € Hy () suchthat V.u = q.

Letﬂ,;.=[ xmforall (x,v) € B we have

[
V.(u+ ug) =g, where R(V.) = L2{N).

Lemma 3.6. There exists a constant 5 = O such that: for
allg € L? (1) there exists ¥ € H1{(1)suchthat V.7 = g
and £17)l;.0 = llgllga.
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Proof. By the lemma 3.5, R{V.) = L*(11), then R(V.]) is
closed in L2 {11, therefore there exists & = O such that ,
forall g € L% {0) there exists © € H1{f1) such that

V.v = qand |7l ;0 = lIgllon (see the lemma A3 [1]).

Proof of theoreom 3.4. i) Let (%, g) € H{) = L2 (0);
we have

R A P o R P e

Then b is continuous.
ii) Letg £ L* () — {0}, by lemma 3.6, there exists
" H(0)suchthat V.v' = g and
| | v’ ||n = [lgllg.q- Then
AL dﬂ |nq? dﬂ |nq dil ||G_'||E-.a_ .

L osup = 2 f.lqllon
[P

Dz vEHLN)

— — =
' '

[k

J.0 ja
We define the “big” symmetric bilinear form
B((ip); (v, @) = a(w, ¥) + (¥, p) + bw,q) (19)

2

And the corresponding function FI:{_F; q}] = .-:,_:'*'}J
choosing the successive test vectors i::_ﬂ 0) and [UJ '-?:I

shows that the stokes problem (12) can be rewritten in the
form:

find (i, p)eH(Q) x 12 (Q) such that

B((i,p); (W) = F((,q)) for all (v, )eHN () x 12 (1),
The bilinear form is positive continuous and
HI{D)— el liptic, and the bilinear form & is continuous

and satisfies the inf-sup condition. Then the problem (12) is
well-posed and the *’B-stability bound’’ [1], given below:

(20)

Proposition 3.7. for all (w,s)eH) = L2 (0), we

have that:

B((w,5); (v,q))
s ==y (Wl + lsllon)
(mgleH () =I* () [ ”J’.ﬂ +igllgan (21)

where ¥ depends only on the shape of the domain.

The bilinear form a is symmetric, and continuous

and semi positive definite on H(0), in this case we say
the problem (12) is a type of saddle-point problem.
The theorem (3.3) and (3.4) ensure the existence and
uniqueness of the solution of the problem (12) (see the
theorem 6. 2 in [1]). In the following section we will solve
this problem by mixed finite element method.

IV. MIXED FINITE ELEMENT APPROXIMATION

A discrete weak formulation is defined using finite dimensional
el o T P

spaces Xy = H(W)and M"* = L,(Q).

The discrete version of (12) is:
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finduy EX{* and p,, eM™ such that:
1 a(Un vp) + b, pn) = 1(vy) "forall’ Ve XY (22)

LRI

blu;,q,) =0 "for all" q,eM"

We use a set of vector-valued basis functions {F}_ J
= Loty

so that
T
Uy = E 40,

Ju': 1 (23)
We introduce a set of pressure basis functions
{¥rte=1..n, andset

Flowm
F

Pr= 2o Pe¥n (24)
Where 71, and 11, are the numbers of velocity and pressure

basis functions, respectively.
We find that the discrete formulation (22) can be expressed
as a system of linear equations

4 BTyeuy _ (7

(5 %)@= 25)
With

A=lay]; ay=[, Ve Veo,d0+ [ byp.o,dv (26)
B=[byl; brj=—f nV.0,d0 @7

for ,j=1..,n, and k=1,..,n,.

The right-hand side vectors in (4.4) are

F=Irl fi=lofedn+ [ tody (28)
fori=1,..,n,

and the function pair{ii;, ) obtained by substituting the
solution vectors 1 € E™ and p € R™F into (23) and (24)

is the mixed finite element solution. The system (25)-(28) is
henceforth referred to as the discrete stokes problem.

We use the iterative methods Minimum Residual Method
(MINRES) for solving the symmetric system.

V. A RESIDUAL ERROR ESTIMATOR
In this section we assume that f and t are the
polynomials.

Let T; ;i == 0, be a family of rectangulations of Q. For
any TeTy, wr is of rectangles sharing at least one edge
with element T, ¢it is the set of rectangles sharing at least
one vertex with T. Also, for an element edge E, twg denotes

the union of rectangles sharing E, while &z is the set of
rectangles sharing at least one vertex whit E.

Next, dT is the set of the four edges of T we denote
by £(T) and Nt the set of its edges and vertices,
respectively.
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We let #,=Jr.r, £(T) denotes the set of all

edges split into interior and boundary edges.

£y = EpnEnr,
where Spn = LEegy:E C N},
Epr= {EEE;::.E = 6{1} .

N The bubble functions on the reference element
T =1{0,1) = (0,1} are defined as follows:

F=2%x(1-x)y(l—y)
by =22x(1-x){1-1v)

Here b+ is the reference element bubble function, and bz, #
, 1=1:4 are reference edge bubble functions. For any
TeT;, |, the element bubble functions is by = b#oF1 and
the element edge bubble function is EJEE.T:EJ.:-

e

#0oFp where

Fr the affine map form T to T.
For an interior edge E€sy . , b is defined piecewise, so
that bz r; = bgr,, 1 = 1: 2 where
E =T, NnT,. Foraboundary edge E€ &5 r,
bg = bz , where T is the rectangle such that £¢dT.

With these bubble functions, ceruse et al ([19], lemma 4.1]
established the following lemma.

Lemma5.1. Let T be an arbitrary rectangle in

T, and E € aT .

For anyvrePy,_(T) and vzePy, (E), the following
inequalities hold.

cellvrllor = || vrbis I CellPrllor (29)
— 7 - 1_1 —

vbrlir = Cehr llvrller (30)
cellvellos = || vebis I Cellvgllos @31
1Febsllor = CulitllTallos 32)
lvgbelr = C:‘:-:E:.-?||i15||c-.5, (33)

where ¢ and Ty, are tow constants which only
depend on the element aspect ratio and the polynomial
degrees kg and ;.

Here, & and %4 are fixed and ¢ and C can be
associated with generic constants ¢ and C. In addition, FE
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which is only defined on the edge E also denotes its natural

extension to the element T.
From the inequalities (32) and (33) we established
the following lemma:

Lemma5.2. Let T be anrectangle and E € dT N &;, .
For any ::EEP;{,_EE}J the following inequalities hold.

= Ch llvelloe - (34)

= 1
”I"L-Ul.-”r'r
EVEILT

Proof. Since 7z bz = 0 in the other three edges of

rectangle T, it can be extended to the whole of € by setting
I ch £ = ':' IHQ\T then

lvebelhr = Ivebellin
and ||vzbell;r = 1vzbell5a.
Usmg the mequalltles (32), (33) and thel emma (3.2) gives
Ivebell;r = 1vebellin = c2llvebellin

S 1 TH, =
= C:C'-{ :D' + l:l:.:EE'” EJE”C'.E

= Ch2 vellog

where D is the diameter of Q and € = € (D2 + 1)z,

We recall some quasi-interpolation estimates in the
following lemma.

Lemma 5.3. Clement interpolation estimate:

Given veH! (1), let U, X5, be the quasi-interpolant of v
defined by averaging as in [20].

Forany TeTy , [[v — vy llor = Chrlvlizr, (35)

and for all E0T, |7 — vy llgz = ChZ|v]y 5, (36)

We let (‘EJ ) denote the solution of (12) and let
(ﬂh,’,t}h:l denote the solution of (22) with an approximation
on a rectangular subdivisionT,.

Our aim is to estimate the velocity and the pressure
eITOrs € = U — Up; & =P — Py

The element contribution 1z of the residual error
estimator 77z is given by
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?}}%.]" = ':!:-':' ET -C'.T + ”RT”:G.T + Z ':EE lﬁ.':- ;'.E

EedT (37)
and the components in (37) are given by
Rr={f + V%, —Vp.} ; (38)

B ::Tﬂk — pull iEegpp
Re=vz (1= @8 = ®
h lt - [ bouy + ai_;v ~ PrllEr ) iEeenr ()

With the key contribution coming from the stress
jump associated with an edge E adjoining elements T and S:

[V, — ppll = [::?’E.': =) r - (Vi _F.hl':'._c)ﬁsr

The global residual error estimator is given by:

PX =
B f— | M=
"R | =TeTy YIRT *

For any TeTy, and E € 4T, we define the following two
functions:

Wr= Rpbr; Wg=Rgbg.

Stncewr = 0 on @T, it can be extended to the whole of
Q by setting W r= 0in Q\T.
_if EedT Ny then we
_if EedT N &, then wg =
of rectangle T.

M3

=0in dowg.

0 in the other three edges

With these two functions we have the following lemmas:

Lemma 5.4. for any TeT; we have:

J (i pl): V= [ (V- pl):Vpd0 = [ f. Wpd0

(41)
Proof.
[ o= pl): Va0 = [ (V- phnwrdy = [ (V3= Vp)vpdd
Since —V1 + Vp = finQ andE:;r = ain O\T
then:
[ (V= pl):V5pd0 = [ (Vi pl): Va0 = [ f. 50
Lemmabs.5. [)if EedT N &y, n.we have:
[ i—pl): Vg d0= [ f Wsd0. 42)
ii)if EedT N g, r,we have:
[ (V- pl):07d0= [ (f - byt) Wz dy+ [ f. Wz dD
J (= pl):V g d0= [ (e boi) gy + [ f. .
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Proof. 1) The same proof of (41).
it)if EedT N ey, we have:

J 5= pl) Vg 0= [ (- pluravg dy— [ (FPu-Tp). g
= (Wi~ ity - [ (0%~ )i
Since —V21+Vp = FfonQ,and
b.}ﬂ'+%—ﬁp= f imEcC I, then
J (V= pD): Vg a0 = [(F = bol) g dy + [ f. 7z a0

= [y (= bgil) Vg dy + [ f. Wz d,

Theorem 5.6. For any mixed finite element approximation
(not necessarily inf-sup stable) defined on rectangular
grids T3, the residual estimator 77z satisfies:

el 0+ llellon = Cang .-

Note that the constant C in the local lower bound is
independent of the domain, and
|'E;|‘.;_--r = l&l%z + NG 5 .
Proof. We include this for completeness. To establish the
upper bound we let _
[v,q] € HYO) = L*{1)) and v € X}, be the clement
interpolant of ¥, then
B({a b 1D = B(G f - gD _
= Jof -0 [ 9 005 - 5o)d0 - [ byl (0 - Bi)dy + [ 2.6 - )y +
Jom¥. (5= G0+ [ gVt

= Dreny - (5= i+ [ (042 = T ). (- 5)d0 - Baar [ Reli -
dy)dy + [ V.5,
Thus,

B([,£]:[7,q])] = Z [||f_ V3, — V|| 15— Tallgr +

TeT,

D NRell, 17 = Flz + lallar 173,z |
J

EedT

Then

- - - 2 3 - -
IB([E €] [T, q]| = ‘I(ETET,, | f + v, — VPn||M)= (ETET,, é”” - 1’3;||ﬁ.'r) +

1 1

Fa 1 Fa

o2 - .

D hellEle, ) | DD M- dalke | +

TETy E€aT TETy EEAT £
1 1

(T;nnqnﬁ.f)f (T;nv.a,. ||ﬁ.f)f}

Using lemma 5.3 then gives:
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B2 2l: (7. gDl < C(ror 1513 7 + llgll3-])* x

( Z ]hf- 7 |§_..+;Thf A |D1

TeTh

Finally, using the proposition 3.7 gives:

) , !
lel o + |E|:!‘:£CQ( z ]”H_|+ Z el Rl 4 VB |D
\Te EedT

This establishes the upper bound.

Turning to the local lower bound. First, for the
element residual part, we have:

_I‘_._H__.— wrdll= _|‘_,-'[f_+ Vi, — Vn, ::'.1,1._'_7[1';}
= [ f.wrd0 = [ Vi, = p iV it d0 +

P —
1 ar Vg — gl widy,

Using (41) and (30), gives:
[ Ry Wed = [ (Vi — pl):VivrdD —
[ (Vi — pp DV Wrd)
= [, (V& — ). Vit dn

5': elir+ |¢'|:.-'::"I.-' 1T

i -
= (128 + llzl3 - )2 hzt R |:

In addition, from the inverse inequality (29),

.r_.—H_.-' wrdll = HH_' b_z =c |H_' |:—
Thus,
3l |l = cllelir + lell3s)
=C(1elF - + Nl ).
(lellf 7 + Nlell3r) (44)
Next comes the divergence part,
IRz llor = IV upllgr = IV.(u — 1 )llor
=\2u -y
i'-: "IE 'ﬁ_'ﬂ rT — IEE T
A ” h”_,.]" W ” ”_,..T (45)

Finally, we need to estimate the jump term. For an edge
E £a3T M £,q we have

EJHEJEE wedy = [ 57 (Vil, — pulDn.wiedy
= Z _.I-‘E.T_.{?'l_l'h—phf}ﬁ.mgd'}f
i=1:2
= J"uf (Vily, — pn1):Vwedl +
Y I (V2 = V). 0

i=1:2
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Using (42) gives:

zfl'_jg Wedy = ,‘NE (Vi —pr1): Vwzd+ Z J - (Vo = Upy ). wpd 0 -

=12
[ g (VE—pD): Vi + [ f.iwzd0

Lag

= J o Wiy =) Vg - [ (T p) VgL

Z [ Z [, (%5, ~Tp,).d

< ([8ly g + ellog) Wl g +

R Tl ||H'E||c-.wg

Using (32) and (33) gives,
- 1
2f ;Re wedy = C(|812, + ll2ll3,, ;) Phg ||R..—

LE

— i
D R g 2R Nl

i=1:2

Using (44) gives,

1
2f Re Wedy = CUEIT el g Rz [
) (46)

Using (31) gives, )
JRs wedy = ||4EEEJJ? = c||Rz ||E,__, and thus
using (46) gives,
hg c=Cllellf,z + el

| 0.E l-. E 0 EJ (47)

We also need to show that (47) holds for boundary edges.
Foran £ £ dT M &; -, we have

1

J'EEE wedy = [ 47 [(Botiy + (Vil, — ppl)n — t]. Wz dy

'a Iyl ]u‘:a*+| (T, - I dy

| Jcm £) iz dy + |, (V= ppD: Vg d+
) T-__"F Up— Vpnl).wg d).

Using (43) and (31), gives

IRn:a} IE,LJEm r-)u:a]JrI (V- )V 1:aD+| (Pt = VL) )

= —;I",._,.,.'E-'e— e):Vwgdo— | arbpgwg dy +
I Rr.wgdD
= CLIIE‘II + [lellor ) IWell ;7 +

”RT |||:-,r'=!i'-'||RE|||:-.E'

Using (44) and (34), we obtain

L1
J Rr wgdy = CLIIeII + g2, )2 E-|R5 ||:-.E @)
Using (31) _ i
,|1ERE wgdy = ||REEJ§E oE = '5||RE ”; o

and thus using (48) gives,
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hellBe I, , = c 1812, + llsl2,). (49)

Finally, combining (44), (45), (47) and (49) establishes the
local lower bound.

Remark 5.7. Theorem 5.6 also holds for stable (and
unstable) mixed approximations defined on a triangular

subdivision if we take the obvious interpretation of . The

Proof is identical except for the need to define appropriate
element and edge bubble functions.

VI. FIGURES AND TABLES

In this section some numerical results of
calculations with mixed finite element Method and ADINA
System will be presented. Using our solver, we run the test
problem driven cavity flow [14, 16] with a number of
different model parameters.

Example. Square domain, enclosed flow boundary
condition.

This is a classic test problem used in fluid dynamics, known
as driven-cavity flow. It is a model of the flow in a square
cavity with the lid moving from left to right. Let the
computational model:

(y = 1; -1<x<1 / u,=1-x%), a regularized cavity. With these
data, see that the (D+N) condition is satisfied, just take by a
real number very large and £ = {b,{1 — x%};0) on

I; =(y = 1; -1<x<1) and £ = {0; 0) on the other three
boundary of the square domain.

The streamlines are computed from the velocity solution by

solving the Poisson equation numerically subject to a zero
Dirichlet boundary condition.

Teariw

Fig.1. Uniform streamline plot by MFE (left) associated
with a 64-64 square grid, Q;.Py approximation, and uniform
streamline plot (right) computed with ADINA system.
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Fig.2. Velocity vectors solution by MFE (left) associated

with a 64-64 square grid, Q;.Po approximation and velocity
vectors solution (right) computed with ADINA system.

u
~e
0.1 -
0.2 -
0.3 pl
0.4 ‘n
= 0.5
[N

0.4 0.2 ] 0z 04 06 08 1
u-velocity
{a)

0.05 |, .

v-velocity

-0.05 ) ‘.

0.1 "\ L4

—0.1% " "
0.2

0.25

[:J

Fig.3. The velocity component u at vertical center line (a),

and the velocity component v at horizontal center line (b)
with a 129 x 129 grid.

Figure 3 shows the velocity profiles for lines
passing through the geometric center of the cavity.

These features clearly demonstrate the high accuracy
achieved by the proposed mixed finite element method for
solving the Stokes equations in the lid-driven squared
cavity.

Fig.4. Pressure plot for the flow with a 64-64 square grid.

VII. CONCLUSION

In this work, we were interested in the numerical solution of
the partial differential equations by simulating the flow of
an incompressible fluid. We introduced the Stokes
equations with a boundary condition of type (D+N).
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The weak formulation obtained is a problem of saddle point
type. We have shown the existence and uniqueness of the
solution of this problem. We used the discretization by
mixed finite element method with a posteriori error
estimation of the computed solutions. For the test of driven-
cavity flow, the particles in the body of the fluid move in a
circular trajectory.

Our results agree with Adina system.

Numerical results are presented to see the performance of
the method, and seem to be interesting by comparing them
with other recent results.
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